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Summary
The amount of gaseous species in water or brine can be greatly enhanced in the form of nanobubble (NB) dispersion. Aqueous NB dis-
persion has vast industrial applications, potentially in enhanced oil recovery (EOR) and carbon dioxide (CO2) sequestration to control the 
mobility of gaseous species and the geochemistry associated with CO2 dissolution. Development of such NB technologies depends on a 
proper understanding of thermodynamic properties of aqueous NB dispersion. The objectives of this research are to analyze the thermo-
dynamic stability of aqueous NB dispersion and to apply a thermodynamic equilibrium model to analyze experimental data.

We first present a thermodynamic formulation for modeling aqueous NB dispersion, which clarifies that aqueous NB dispersion 
occurs in the aqueous phase that is supersaturated by the gaseous species in the system. That is, the gaseous species are present in two 
modes—dispersion of gas bubbles under capillary pressure and molecule dispersion (supersaturation) in the external aqueous phase. Such 
a thermodynamic system is referred to as aqueous NB fluid in this research and specified by (NC + 3) variables (e.g., temperature, total 
volume, components’ mole numbers, and capillary pressure), in which NC is the number of components. We then present a novel imple-
mentation of the GERG- 2008 equation of state (EOS) in minimization of the Helmholtz free energy to solve for equilibrium properties 
of aqueous NB fluid. GERG- 2008 was used in this research because it is suitable for modeling an aqueous phase that is supersaturated 
by gaseous species.

The thermodynamic equilibrium model was applied to experimental data of aqueous NB fluid with nitrogen (N2) at pressures up to 
277 bara (4,019 psia) and 295.15 K (71.6°F). Application of the model to experimental data indicates that a large fraction (0.8–0.9) of 
the total amount of N2 is in the form of molecule dispersion, but such supersaturation of the aqueous phase is possible because of the 
presence of NB dispersion with capillary pressure. That is, NB dispersion can increase the gas content in aqueous NB fluid by enabling 
gas supersaturation in the aqueous phase as a thermodynamic system.

Introduction
Many gaseous species, such as CO2, H2, N2, and light hydrocarbons, are highly immiscible with water, and their equilibrium concentra-
tions in aqueous fluids (water or brine) are often quite small under a wide range of conditions. However, various industrial processes can 
benefit if these immiscible gaseous species can be contained in the aqueous fluid as an effectively homogeneous phase, in which the 
external aqueous phase contains immiscible gas bubbles with a large number density.

There are many applications of gas bubbles in food, agriculture, wastewater treatment, mineral processing, pharmaceuticals, and other 
industries (Terasaka et al. 2021). However, these previous applications were limited primarily to atmospheric pressure, in which bubbled 
water is generated in an open system near atmospheric pressure (Kukizaki and Goto 2006). Such aqueous bubbles are not thermodynam-
ically stable because the system is open, and they are not kinetically stable at a large number density without continuous addition of 
energy.

This paper is concerned with the development of NB technology that generates such aqueous fluids that can contain a large amount of 
an immiscible gas or gas mixture at elevated pressure in a controlled and scalable manner. The technology aims to make the gaseous 
species stably dispersed in the aqueous fluid as small bubbles, typically at a nanometer scale, and as dissolved molecules. These two 
modes (bubble dispersion and molecule dispersion) of containment can collectively make the overall concentration of the gaseous species 
greater than its inherent solubility in the aqueous fluid. Such aqueous fluid with gas- bubble/molecule dispersion is referred to as “aqueous 
NB fluid” in this paper.

As will be shown in this paper, aqueous NB fluid can be generated with a greater amount of the gaseous species at a higher pressure, 
and therefore, it finds more useful applications at elevated pressures. From the thermodynamic point of view, this is quite different from 
many papers addressing the question of a single bubble or multiple bubbles in an open system at low pressure (Iguchi et al. 1998; Kukizaki 
and Goto 2006; Ohgaki et al. 2010; Alheshibri et al. 2016; Azevedo et al. 2019; Ulatowski et al. 2019; Favvas et al. 2021; Zhou et al. 
2021). However, no method had been found to control and design the physical and transport properties of such gas- containing fluids at 
high pressures, likely due to the lack of rigorous thermodynamic analysis and engineering tools for aqueous NB fluid.

High- pressure nonsubsurface processes that can benefit from the NB technology include CO2 electrochemical reaction processes 
(Widiatmoko et al. 2021) and any other reactions that require a high concentration of gas species as reactants in aqueous reaction media. 
The technology can be used for high- pressure storage of gases, such as H2, in tanks, pipes, and other pressure vessels. Some surface pro-
cesses do not require the long- term stability of NB since they use the gaseous species for reactions (consumption).

Potential subsurface applications of the NB technology include EOR by gas injection and geological storage of gases in hydrocarbon 
reservoirs and aquifers (Li et al. 2023). In gas EOR, the injected gas not only flows through high- permeability layers and/or fracture 
networks but also gravity- segregates to the upper zones of the target reservoir. Such undesired flow regimes result in a rapid breakthrough 
of the injected gas into production wells, leading to inefficient volumetric sweep and costly recycling of the injection gas. To alleviate the 
problem, water- alternating- gas injection is commonly used; however, the water and gas may segregate, resulting in a loss of effectiveness. 
A low concentration of specially formulated surfactants can be added to the water so that a surfactant- stabilized gas foam bank is gener-
ated. With the high apparent viscosity of the foam phase, better mobility control of the gas injection is expected. However, two main 
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challenges of such gas foam technologies are (i) the stability of foam flowing in reservoir pores can be difficult to control and (ii) the use 
of surfactant adds to the complexity and cost of the field operations. Direct viscosification of CO2 has been recently studied (Pal et al. 
2022; Moortgat and Firoozabadi 2023; Guo et al. 2023).

The NB technology can effectively reduce the mobility of the injected gas because it flows with the external aqueous phase as the 
carrier. The apparent viscosity of such an aqueous NB fluid is shown to be slightly greater than the external phase alone with no NB. 
Therefore, the mobility of the gaseous species contained in aqueous NB fluid will be reduced substantially (by a factor of 10 in the exper-
imental case with a Berea sandstone core) in comparison to two- phase slippage flow with relative permeabilities (Lawal et al. 2022). Also, 
the NB dispersion can substantially suppress the buoyant forces in comparison to when the gas is injected as a bulk gas phase in the 
presence of water (Ushikubo et al. 2010).

When the technology is applied for geological CO2 sequestration, it can deliver a greater amount of CO2 per volume of water for car-
bon mineralization in (ultra)mafic rocks (Snæbjörnsdóttir et al. 2020; Wang et al. 2023, 2024). Along with the mineralization, the reduced 
buoyant forces due to the containment of CO2 as NB in the brine could mitigate the potential leakage of CO2 to the surface through any 
hydraulic paths (faults and old wells). Many biogenic gas reservoirs can be used for CO2 sequestration, but contamination of the reservoir 
gas by the injected CO2 is a major concern. Using the NB technology, the mixing of CO2 and natural gas (mainly methane) could be 
controlled by containing the CO2 in the injected aqueous phase.

A theoretical understanding of aqueous NB fluid is crucial in developing NB technologies. We have developed software to perform 
thermodynamic calculations of fluid phases with curved interfaces, including gas bubbles in aqueous fluid (Achour and Okuno 2020, 
2021). This paper presents the thermodynamic equilibrium model that enables a fundamental understanding of various factors affecting 
the properties of an aqueous NB fluid. In this paper, aqueous NB fluid is modeled as a thermodynamically stable state of a closed system, 
in which the external aqueous phase and the bubble phase coexist with no bulk gas phase for water and gaseous species.

Thermodynamic formulation of phase stability analysis has been established after Gibbs’ original work, but there had been no rigorous 
solution to the phase stability problem in the presence of capillary pressure. Therefore, we made fundamental changes to the theoretical 
formulation by using the Helmholtz free energy instead of the Gibbs free energy for phase stability and equilibrium calculations under 
capillary pressure as detailed in Achour and Okuno (2020, 2021). In addition, modeling the properties of aqueous NB fluid requires an 
EOS that is capable of modeling water, a polar species. Furthermore, the external aqueous phase is supersaturated by gaseous species in 
aqueous NB fluid; hence, the EOS used for this research must be reliable in metastable regions of the energy hyperplane.

The GERG- 2004 EOS was developed for the accurate prediction of thermodynamic properties of fluids (Kunz et al. 2007; Kunz and 
Wagner 2012). The EOS was calibrated for 18 species commonly present in natural gas, such as alkanes, water, and CO2. The accuracy 
of the GERG- 2004 EOS relied on a large fluid database from 650 experimental data sources, covering different types of thermodynamic 
properties, such as pressure/volume/temperature data, vapor- liquid equilibrium data, saturated liquid densities, and enthalpy changes. 
Then, the GERG- 2008 EOS (Kunz and Wagner 2012) extended the GERG- 2004 model to 21 species. The new model also extended the 
applicable conditions from 450 K to 700 K and from 35 MPa to 70 MPa, covering the vapor, liquid, supercritical, and multiphase regions. 
Varzandeh et al. (2017) showed that the GERG- 2008 EOS is superior to cubic EOSs in terms of liquid density predictions over a wide 
range of temperature and pressure conditions. Kontogeorgis and Folas (2009) gave comprehensive descriptions regarding the applications 
of cubic EOSs for various fluids, including polar species.

The formulation of GERG- 2008 takes an explicit form of reduced Helmholtz free energy as a function of reduced temperature, reduced 
density, and composition, which facilitates the thermodynamic computations based on the minimization of the Helmholtz free energy 
(Achour and Okuno 2020, 2021). Also, Aursand et al. (2016) compared the GERG- 2008 EOS with other EOSs in their ability to reproduce 
spinodal limits and metastable zones for pure components. They discovered that GERG- 2008 is more accurate than other Helmholtz- 
based EOSs, such as PC- SAFT EOS, in metastable zones. In this research, therefore, the GERG- 2008 EOS is adopted for the phase 
equilibrium calculation of aqueous NB fluids.

There are a few challenges in applying the GERG- 2008 EOS for modeling aqueous NB fluids. According to Gernert and Span (2016), 
GERG- 2008 is not quite accurate for phase- boundary predictions for CO2- containing mixtures and gas solubility in water. As will be 
shown in this paper, the residual part of the reduced Helmholtz free energy consists of two parts—a linear combination of residual parts 
for each component in the mixture and a departure function, in GERG- 2008. The departure function was only calibrated for seven hydro-
carbon binaries. Gernert and Span (2016) improved the matching for water/CO2 mixtures by calibrating the departure- related coefficients. 
We revisited their modifications in terms of departure functions and have improved the accuracy of GERG- 2008 for water/N2 mixtures.

Also, the determination of the right compressibility factor is more challenging with GERG- 2008 than with cubic EOSs. GERG- 2008 
can have more than three roots and no analytical solution exists for the root- finding problem. We found in this research that commercial 
codes, such as REFPROP (Lemmon et al. 2017, 2018), may cause convergence issues because of their erroneous compressibility factor. 
We have developed a more robust algorithm for compressibility factor with GERG- 2008.

This paper first presents the formulation and algorithms for computing the properties of aqueous NB fluids using the GERG- 2008 EOS. 
The model is then used to match and analyze the experimental data of aqueous NB fluid with N2. To the best of our knowledge, this is the 
first time aqueous NB fluids are modeled using rigorous thermodynamic principles with a quantitatively reliable EOS, GERG- 2008.

Formulation
This section presents the formulation for computing the equilibrium properties of aqueous NB fluid at given thermodynamic conditions 
(e.g., component mole numbers, temperature, volume, and external phase pressure) assuming a uniform size of bubbles. Note that this 
research is concentrated on the modeling of aqueous NB fluid as a two- phase equilibrium system in which NBs are dispersed in the exter-
nal aqueous phase that is supersaturated by the gaseous species under capillary pressure in a closed system. This research does not deal 
with the onset of bubble nucleation and the dynamics of incipient bubbles, which are discussed elsewhere (e.g., Ono and Kondo 1960; 
Firoozabadi 2016; Jin et al. 2020). Firoozabadi (2016) gives comprehensive derivations of bubble nucleation using the Gibbs free energy.

Thermodynamic Stability and Equilibrium of Aqueous NB Fluid. Achour and Okuno (2020, 2021) presented that phase equilibrium 
with capillary pressure is naturally modeled by the minimization of the Helmholtz free energy. The iterative solution to a phase equilibrium 
problem using an EOS is quite nonlinear, but using the Helmholtz free energy involves only one energy surface, unlike the conventional 
method of using the Gibbs free energy, regardless of the number of phases with capillary pressure. Pressures for different equilibrium 
phases (i.e., capillary pressure) were inherently modeled as part of the minimization of the Helmholtz free energy. This subsection briefly 
reviews the formulation of Achour and Okuno (2020, 2021) and also gives equilibrium properties of aqueous NB fluid.
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A closed system at a fixed temperature T, total volume Vtotal, and total mole numbers ni (i = 1, 2, …, NC) of NC components is at an 
equilibrium state when the Helmholtz free energy of the system cannot be reduced for any possible perturbation. That is, the system is 
stable if

 dAtotal = dAV + dA� + dAL � 0,  (1)

for any perturbation of thermodynamic variables. In the above equation, dAtotal, dAV, dAσ, and dAL, respectively, represent the change in 
the Helmholtz free energy for the system, the vapor phase, the interface, and the liquid phase. The changes in the Helmholtz free energy 
for the V- and L- phases are

 
dAV = �SVdTV � PVdVV +

NCX
i=1

GiVdniV,
  

(2)

 
dAL = �SLdTL � PLdVL +

NCX
i=1

GiLdniL,
  

(3)

and the change in the Helmholtz free energy for the interface is

 
dA� = �S�dT� � P�dV� +

NCX
i=1

Gi�dni� + �da.
  

(4)

In the above equations, S is the entropy, T is the temperature, P is the pressure, V is the volume,  Gi  is the partial molar Gibbs free energy 
of component i, σ is the interfacial tension (IFT) between the V- and L- phases, a is the interfacial area, ni is the mole number of component 
i, and NC is the number of components. Note again that this research deals with aqueous NB fluid as a two- phase equilibrium system as 
evident from Eqs. 2 and 3, in which the two phases are given different pressures unlike the formulation of gas- bubble nucleation in Ono 
and Kondo (1960) and Firoozabadi (2016).

The thermodynamic specifications of T, Vtotal, and ni require

 dniV + dni� + dniL = 0,  (5)
 dVV + dV� + dVL = 0,  (6)

 dTV = dT� = dTL = 0.  (7)

These conditions yield

 
dAtotal = �

�
PV � PL

�
dVV �

�
P� � PL

�
dV� +

NCX
i=1

�
GiV � GiL

�
dniV +

NCX
i=1

�
Gi� � GiL

�
dni� + �da.

  
(8)

Because dVσ and dniσ are relatively small, the second and fourth terms are negligible in comparison to the other terms on the right- hand 
side of the above equation. Then,

 
dAtotal = �

�
PV � PL

�
dVV +

NCX
i=1

�
GiV � GiL

�
dniV + �da.

  
(9)

dAtotal tends to zero with diminishing net mass transfer between the V- and L- phases, that is,

 GiV � GiL = 0.  (10)

dAtotal = 0 and Eq. 10 require the following condition:

 
�
PV � PL

�
dVV = �da or PV � PL = �da/dVV.  (11)

Then, Eqs. 10 and 11 define the first- order necessary conditions for the Helmholtz free energy to be a minimum at a given T, Vtotal, and ni 
(i = 1, 2, …, NC). Note that Eq. 11 holds for equilibrium phases as also emphasized in Achour and Okuno (2020).

The minimization of the Helmholtz free energy is subject to the molar volume constraint

 Vj > Vlim j,  (12)

where for the L- and V- phases (j = V or L) and the positivity of mole numbers

 nij > 0,  (13)

where i = 1, 2, …., NC and j = V or L. In Eq. 12, Vlimj represents the smallest possible molar volume by the EOS used. For cubic EOSs 
[e.g., the Peng- Robinson (PR) EOS (Robinson and Peng 1978)], Vlimj is the covolume parameter (Achour and Okuno 2021).

Eq. 9 or Eq. 11 clarifies that the interfacial area a gives a state variable (PV – PL) for thermodynamic aqueous NB fluid, which is con-
stant at zero for the phase equilibrium state with a planar interface between fluid phases. Assuming a uniform radius r of Nb bubbles for 
VV at equilibrium,

 VV = 4�r3Nb/3,  (14)

and the total surface area a is
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 a = 4�r2Nb.  (15)

Using Eqs. 14 and 15, the capillary pressure PC (= PV – PL) is

 PC = �da/dVV = 2� /r.  (16)

Note that in Eq. 16, PC depends on r assuming the V- phase is a cluster of spherical bubbles with a uniform radius r. Therefore, it is pos-
sible to specify a value for PC by specifying r and a values or a function for σ in addition to T, Vtotal, and ni (i = 1, 2, …., NC) (Achour and 
Okuno 2020). For a given equilibrium solution, the number of bubbles Nb can be calculated by using Eq. 14.

The problem of thermodynamic aqueous NB fluid given above is solved by using the GERG- 2008 EOS in this paper. The existence of 
a thermodynamically valid solution using such a quantitatively accurate EOS indicates the feasibility or stability of individual NB in the 
aqueous phase that is supersaturated by the gaseous species. Note that the multibody stability of NB cannot be analyzed in the above 
thermodynamic framework, and perhaps detailed experiments are crucial at the current stage of research.

Spontaneity Analysis Using the Helmholtz Free Energy. When aqueous NB fluid is formed from a mixture of water and gaseous 
species using a certain device, a sufficient amount of energy must be available to cause the interfacial area for the bubbles in the external 
water phase in the system at equilibrium (Weijs et al. 2012). When such a system is set at a given temperature and total volume, the total 
Helmholtz free energy of the mixture is reduced to that of an aqueous NB fluid consisting of two phases (the external water phase and gas 
bubbles). This reduction in the Helmholtz free energy ΔAtotal must be greater than the total Helmholtz free energy for the interface. This 
is a theoretical thought process without specifying the process of generating such aqueous NB fluid; therefore, the spontaneity analysis 
given in this section is less strict than the requirement in actual processes. For example, any dissipation will demand an additional amount 
of energy beyond the theoretically required amount of energy.

The Helmholtz free energy for the original mixture is AI and that for aqueous NB fluid is (AV + Aσ + AL). For the latter state to be ther-
modynamically more stable than the former, AI > (AV + Aσ + AL) or

 AI–
�
AV + AL

�
> A� = �a,  (17)

assuming the mole numbers of components and the volume for the interface are small so that Aσ = Gσ – PσVσ + σa can be approximated 
to be Aσ = σa. The total volume of the system Vtotal is common for the initial and the final (equilibrium) states. Dividing Eq. 17 by VtotalRT, 
we have

 ARI–
�
ARVSV + ARLSL

�
> ",  (18)

where ARI = AI/VtotalRT, ARV = AV/VVRT, ARL = AL/VLRT, SV = VV/Vtotal, SL = VL/Vtotal, and ε = σa/VtotalRT. ARI is the reduced Helmholtz 
free energy density at the initial state (hypothetically single phase); ARj is the reduced Helmholtz free energy density for phase j; Sj is the 
equilibrium volumetric fraction (i.e., saturation) for phase j; and R is the universal gas constant.

The material balance for component i

 ni = niV + niL , (19)

can be expressed as

 di = sdiV +
�
1–s

�
diL,  (20)

where di = ni/Vtotal, diV = niV/VV, and diL = niL/VL. We use s in place of SV for analyzing the spontaneity criterion (Eq. 18) in s space. That 
is, if

 D
�
s
�
= ARI

�
s
�

–
�
s ARV +

�
1–s

�
ARL

�
> ",  (21)

then aqueous NB fluid has a smaller Helmholtz free energy than the hypothetically single phase for the specified temperature, total vol-
ume, and mole numbers of components.

The D function is nonlinear with s, while ε increases linearly with s with a slope of 3σ/rRT because ε = 3σs/rRT. Note that at s = 0, D 
= ε = 0. Therefore, D > ε for a small value of s if the gradient of D with respect to s is greater than 3σ/rRT. The gradient of D is

 

@D
@s

=
NCX
i=1

�
ln fi

�
s
�
� ln fi

�
s = 0

�� �
diV � diL

�
+
PV � PL

RT
,
  

(22)

where the Gibbs- Duhem equation was used. At s = 0, the gradient becomes (PV – PL)/RT. Then, the nucleation of bubbles for a small value 
of s is likely spontaneous if

 PV–PL–3� /r > 0.  (23)

Eq. 23 cannot be met if PV – PL = 2σ/r (see Eq. 16) as in the current thermodynamic analysis. Note that Eq. 23 is similar to the widely 
used expression for the nucleation energy barrier (Kaptay 2012). The criterion (Eq. 23) may be temporarily satisfied upon gas nucleation, 
but such bubbles may not be thermodynamically stable unless the more fundamental criterion (Eq. 21) is satisfied at equilibrium. This 
analysis indicates that the thermodynamic stability of aqueous NB fluid requires a minimum amount of gaseous species in the system so 
that the criterion shown by Eq. 21 can be met. This highlights the importance of supersaturation of the aqueous phase by gaseous species 
for generation of aqueous NB fluid.
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Thermodynamic Models
This section presents the thermodynamic models used for estimating properties of aqueous NB fluid at given experimental conditions 
assuming a uniform size of bubbles. The first part is focused on the GERG- 2008 EOS and the second part on the IFT model used in this 
research.

Equation of State. One challenge in accurately modeling multiphase behavior including capillary pressure is that the equilibrium phase 
of lower pressure lies on the metastable part of the free energy surface. This part of the free energy lies outside the traditional range of 
thermodynamic variables used for calibrating the EOS. As a result, most EOSs are uncertain about the accuracy of modeling metastable 
phases (Aursand et al. 2016). The GERG- 2008 EOS is relatively accurate in modeling metastable phases (Imre et al. 2013; Aursand et al. 
2016). This is the main reason why this research used the GERG- 2008 EOS. The comparison of different EOSs for modeling aqueous 
NB fluids is outside of the scope of this research. Nonetheless, Appendix A illustrates the widely known challenges of a cubic EOS in 
matching solubilities for water- gas mixtures. If inherent solubilities (without capillary pressure) are not matched, the EOS cannot be 
reliable in metastable zones.

The GERG- 2008 EOS (Kunz and Wagner 2012) is a multiparametric EOS and gives the Helmholtz free energy as a function of com-
position, temperature, and molar density. Kunz and Wagner (2012) and Kunz et al. (2007) gave derivatives for this EOS. This section 
presents the equations for the Helmholtz free energy as given by the GERG- 2008 EOS. The analytical expression for other thermody-
namic variables, such as pressure and fugacity, are given in Achour (2023). The EOS in a dimensionless form is

 
˛

�
ı, � , x

�
=

A
RT

= ˛0
�
d,T, x

�
+ ˛r �

ı, � , x
�
,
  

(24)

where  ı  is the reduced density,

 ı = d/dr
�
x
�
,  (25)

 �   is the inverse of reduced temperature,

 � = Tr
�
x
�
/T,  (26)

 ̨ 0  represents the contribution from the ideal gas mixture using d, T, and x, and  ̨ r  represents the residual mixing behavior using  ı, � , and x . 
In Eqs. 24 and 25,  dr  and  Tr  are the reducing molar density and temperature defined as

 

1
dr

=
NCX
i=1

x2i
dci

+
1
4

NC�1X
i=1

NCX
j=i+1

xixjˇvij�vij
xi + xj

ˇ2
vijxi + xj

0
@ 1

d
1
3
ci

+
1

d
1
3
cj

1
A
3

,

  
(27)

Fig. 1—Equilibrium mole fractions of water in the vapor phase and nitrogen in the aqueous phase; (a) shows water mole fractions 
in the vapor phase at 273.15 K, 283.15 K (Oellrich and Althaus 2004), 323.15 K (Rigby and Prausnitz 1968), and 422.4 K (Tabasinejad 
et al. 2011) from bottom to top; (b) shows nitrogen mole fractions in the aqueous phase at 323.15 K and 298.15 K (Maslennikova 
1971) from bottom to top . The hollow squares and the dotted lines, respectively, show the equilibrium mole fractions calculated 
using REFPROP (RPGERG) and the in- house implementation of GERG (TGRGERG). The dashed lines show the equilibrium mole 
fractions using the EOS- CG calibration of GERG parameters (Gernert and Span 2016). The solid lines show the calibrated GERG 
model (TigReS), for which the tuned parameters are shown in Tables 1 and 2.
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and

 
Tr =

NCX
i=1

x2i Tci +
NC�1X
i=1

NCX
j=i+1

2xixjˇTij�Tij
xi + xj

ˇ2
Tijxi + xj

p
TciTcj,

  
(28)

where  ̌ vij ,  �vij ,  ̌ Tij , and  �Tij  are calibration parameters that can be adjusted to match the experimental data. The code for the GERG- 2008 
EOS was developed by converting the FORTRAN77 code from Lemmon et al. (2017) to a modern FORTRAN (FORTRAN2003) and by 
adding the missing routines for derivatives of pressure with mole number, logarithm of fugacity, and derivatives of the logarithm of 
fugacity.

Kunz and Wagner (2012) calibrated the parameters  ̌ vij ,  �vij ,  ̌ Tij , and  �Tij  for the reduced temperature, molar density, and residual 
component for the Helmholtz free energy of water/gas systems. However, Kunz and Wagner (2012) did not use enough data to accurately 
calibrate the binary departure parameters for mixtures of water and gases, such as nitrogen (N2) and carbon dioxide (CO2). Gernert and 
Span (2016) calibrated the binary departure EOS for mixtures of water with various gases including N2 and CO2 as presented for various 
applications (Tabasinejad et al. 2011; Jarrahian and Nakhaee 2019; Heidaryan et al. 2019; Trædal et al. 2021). Additional details and 
derivatives of the GERG- 2008 EOS are given in Kunz et al. (2007).

Fig. 1 shows experimentally measured and calculated values using different calibrations of the GERG- 2008 EOS for the equilibrium 
water/N2 mole fractions in the liquid and vapor phases at different temperatures and pressures. Fig. 1a shows the mole fraction of water 
in the vapor phase and Fig. 1b shows the mole fraction of N2 in the liquid phase.

The REFPROP software developed by the National Institute for Science and Technology computes thermodynamic properties using 
various EOS (Lemmon et al. 2018). It includes liquid- vapor flash calculations using the GERG- 2008 EOS. The hollow squares in Fig. 1 
are the results of using REFPROP. The dotted lines show the equilibrium mole fractions computed by our implementation of the GERG- 
2008 EOS, which match the REFPROP values. The hollow triangles show the pressure values at which the flash calculation of REFPROP 
failed. The GERG- 2008 EOS as implemented in this research converged to the correct solution at all pressures. This demonstrates the 
improved robustness of the flash calculation algorithm used in this paper.

The dashed lines represent the equilibrium mole fractions computed by the EOS- CG calibration of GERG parameters (Gernert and 
Span 2016). For water/N2, neither GERG nor EOS- CG match the data well. Therefore, the GERG parameters need to be recalibrated to 
match the data. Recalibrated GERG parameters (“TigReS” in Fig. 1) are shown in Tables 1 and 2. We observed in this research that the 
multiparametric nature of the GERG- 2008 EOS allowed for the flexibility that enabled the accurate modeling of water/N2 mixtures 
(involving polarity) as implemented in an in- house compositional flow simulator TigReS. This was not the case with the traditional cubic 
EOS (e.g., the PR EOS) as shown in Appendix A. However, we expect that other EOSs (e.g., cubic- plus- associate EOS) can also be used 
with the presented formulation for aqueous NB fluid if it is capable of modeling metastable regions of the energy hyperplane for the 
aqueous phase.

One disadvantage of the multiparametric GERG- 2008 EOS is that it does not explicitly give an expression for the covolume parameter, 
which is used in the algorithms (Achour and Okuno 2020, 2021) to compute the physical limits of the molar volume as constrained by Eq. 
12. Models were developed for pseudo- covolume parameters to match the molar volume that yields a pressure prediction of 2×107 bar; 
that is,  b = V

�
P = 2 � 107 bar

�
 .

First, the pseudo- covolume values for pure N2 and water were determined based on the GERG- 2008 EOS, as calibrated by Kunz and 
Wagner (2012) and given in Table 3.

N2 H2O

b (cm3/
mol)

5.41358 4.83885

Table 3—Pseudo- covolume 
for pure substances based on 
GERG- 2008.

Then, two models were calibrated to covolumes of water/N2 mixtures. The first model uses a geometrical average like the van der Waals 
mixing rule for the attraction parameter

 ̌ vij  ̌ Tij  �vij  �Tij 
N2/H2O 1.058714 1.130886 0.9284938 0.8703639

Table 1—Binary parameters for reducing parameter 
functions for density and temperature.

Binary Pair  k   dij,k   tij,k   nij,k   Fij 
N2/H2O 1 1 1.0 1.872926 1.0

2 1 1.55 −1.830299

Table 2—Coefficients and exponents for 
binary departure functions  ̨

r
ij . The N2/H2O 

binary pair is calibrated by minimizing the 
residuals using Scipy’s implementation of the 
Nelder- Mead algorithm.
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b(x) =

NCX
i=1

NCX
j=1

q
bibjxixJ(1 � kij),

  
(29)

where  kij  is a binary interaction parameter (BIP) for the binary pair of components i and j. The second model uses the mixing rule for the 
reducing density mixing rule from the GERG- 2008 EOS:

 
b

�
x
�
=

NCX
i=1

x2i bi +
NC�1X
i=1

NCX
j=i+1

cb,ijfb,ij,
  

(30)

where

 cb,ij = 2ˇb,ij�b,ijbij,  (31)

 
fb,ij = xixj

xi + xj
ˇ2

b,ijxi + xj
,
  

(32)

 
bij =

1
8

�
b

1
3
i + b

1
3
j

�3
.
  

(33)

 ̌ b,ij  and  �b,ij  are calibration parameters. Fig. 2 compares the pseudo- covolume parameter values calculated by the definitions above. 
Tables 4 to 7 show the pure substance covolumes and the calibrated parameters for both models.

N2 H2O

b (cm3/
mol)

5.41358 4.83885

Table 4—Covolume for pure 
substances.

N2 H2O

N2 0 −0.2234

H2O −0.2234 0

Table 5—Optimal 
BIP values  kij  for the 
geometrical average.

N2 H2O

N2 0 1.0023

H2O 1.0023 0

Table 6—Covolume 
parameter  ̌ b,ij  for the 
GERG- type mixing rule.

N2 H2O

N2 0 1.2212

H2O 1.2212 0

Table 7—Covolume 
parameter  �b,ij  for the 
GERG- type mixing rule.

IFT for Water and N2. Eq. 11 is one of the main equations solved by the phase- split calculation algorithm for the equilibrium properties 
of aqueous NB fluid in this research. This equation is given by the pressure modeled by an EOS and the capillary pressure for a given r. 
The equilibrium IFT is generally a function of the equilibrium phase compositions, L and V, where the L- phase is in a metastable region 
of the free energy hypersurface. This subsection presents the development of an IFT model for water/N2 NBs that accounts for the L- phase 
composition and density in the metastable region.
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The IFT is a function of the radius of curvature (Ono and Kondo 1960; Firoozabadi 2016), the excess composition of the interface, and 
the composition of the two phases that the interface separates (Schechter and Guo 1998). The model presented in this section neglects the 
first two effects and focuses mostly on the effect of the L- phase and V- phase compositions on the IFT.

The IFT was calibrated based on the data by Yan et al. (2001) on water/N2 interfaces with large curvatures such that the effect of cur-
vature on the IFT is negligible. The model calibrated to fit the experimental data is a modified Parachor model

 
� =

0
@�

NCX
i=1

…i
�
diL � diV

�
1
A

�

,
  

(34)

where  �  is a temperature- dependent coefficient. This modification can be implemented by simply changing the values of  …i  in the input 
file to  �…i . The calculated IFT and experimentally measured values are shown in Fig. 3 using solid lines and hollow symbols at various 
temperatures and pressures. Table 8 shows the Parachor coefficients and calibrated Parachor exponent. Fig. 4 shows the  �  parameter 
values for different temperatures, which can be linearly correlated as

 � 0.7

 …N2 61.12

 …H2O 51.0

Table 8—Parachor coefficients for water (Fechter et al. 
2023), N2 (Schechter and Guo 1998), and Parachor 
exponent.

 � = �0.5191
�
T � 273.15

�
+ 173.2.  (35)

Algorithms
This section presents a concise description of the flash calculation algorithm for a given composition and total molar volume (Achour and 
Okuno 2020, 2021; Achour 2023) and two important developments that were necessary to implement the GERG- 2008 EOS in minimiza-
tion of the Helmholtz free energy. These models and algorithms include a correlation for the pseudo- covolume parameter for gas- water 
mixtures and a new procedure for estimating the initial guess for stability analysis and phase- split calculations.

Flash Calculation. The algorithm uses the successive substitution (SS) method followed by a Newton- Raphson (NR) algorithm. SS 
is based on the Mikyška and Firoozabadi (2011) adaptation of the Michelsen (1982) algorithm for minimization of the Helmholtz free 
energy. The algorithm used here was first published by Achour and Okuno (2021), and details of its improved version can be found in 
Achour (2023). The switch from SS to NR occurs when the criterion 

 
max
i<NC+1

˚ˇ̌
Fi

ˇ̌�
< "NR

 
 is met, where Fi for i = 1,…NC is

Fig. 2—Calibrated pseudo- covolume for water/N2. The hollow red circles show the molar volume root for a pressure of 2×107 bar. 
The dashed and bold lines, respectively, show the matched covolume using the geometrical mixing rule and the reference mixing 
rule for a BIP of zero. The dotted line represents the matched pseudo- covolume using the GERG- type mixing rule, and it overlaps 
with the dashed line.
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 Fi = ln fiV � ln fiL = 0,  (36)

and the capillary pressure equation

 FNC+1 = PV � PL � Pcap = 0.  (37)

The NR algorithm uses the number of moles and total volume of the vapor phase as the independent variables.
Each SS iteration contains two main steps—the composition update and the volume update. The composition update is based on the 

traditional method of Rachford and Rice that solves the material balance for ln Ki

 lnKi = ln xiV– ln xiL.  (38)

The Rachford- Rice routine used in this research is described in Okuno et al. (2010). The volumes are updated through the solution of the 
pressure equation, subject to the volume balance.

Fig. 3—Calibrated Parachor model for IFT of water and N2 at various temperatures and pressures. Experimental data (Yan et al. 
2001) are shown by black circles at 298.15 K, red squares at 313.15 K, blue diamonds at 333.15 K, green triangles at 353.15 K, and 
yellow downward triangles at 373.15 K.

Fig. 4—Temperature- dependent coefficient  �  for the modified Parachor model in this research.
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A concise description of the sequential iteration scheme for the SS algorithm is presented below, and Appendix B shows a flow chart 
of the algorithm.

Step 1. Initialize ln K and V. Use the stability analysis (Achour and Okuno 2020) if the reference phase is intrinsically stable; other-
wise, use Wilson’s correlation at the specified total molar volume. Initialize the iteration index  kW k 1 .
Step 2. If 

 
max
i<NC

˚ˇ̌
Fi

ˇ̌�
> "NR

 
, switch to the NR algorithm.

Step 3. Compute  lnP'k
L  ,  lnP'k

V  , and the SS under- relaxation factor  �
k
SS .

Step 4. Update the capillary pressure using under- relaxation based on the capillary pressure model  P
k
C   evaluated at composition 

 x
k�1
L   and  x

k�1
V   and molar volumes  V

k�1
L   and  V

k�1
V  .

 PkC  
�
1 � �SS

�
Pk�1
C + �SSPk

C.  

Step 5. Update the phase compositions.
 5.1 Update ln K by using an SS step

 lnKki  
�
1 � �SS

�
lnKk�1

i + �SS
�
ln�iLPL � ln�iVPV

�
, where i = 1, : : : ,NC.  

 5.2 Solve the Rachford- Rice equations for the phase compositions  x
k
L  and  x

k
V  , and the phase molar fractions  ̌

k
L   and  ̌

k
V  .

Step 6. Update the phase molar volumes by solving Eq. 13 using Newton’s method.
Step 7. If the lower- pressure phase is intrinsically unstable, then use bisection to reduce its molar volume until it lies on the limit 
of intrinsic stability (spinodal boundary).
Step 8. Check for convergence. If 

 
max
i�NC

˚ˇ̌
Fi

ˇ̌�
< "F

 
, then stop. Otherwise,  k k + 1  and return to Step 2. In this research,  "F   is set 

to  10�10 .
In Step 2, the switching criterion from SS to NR 

 
max
i<NC

˚ˇ̌
Fi

ˇ̌�
> "NR

 
 is evaluated. The SS algorithm can converge to the solution without 

switching to the NR method when  "NR  is set to a value lower than that of  "SS . A description of the sequential iteration scheme is presented 
below for when the switching criterion is satisfied and the NR algorithm is activated. The specific expressions for computing the Jacobian 
 J k   for both the definite and indefinite solution are given in Achour (2023).

Step 3. Compute the gradient Fk and the Jacobian  J k  .
Step 4. Solve for the Newton direction  �vkL  from equation  J

k �
�vkL

�
= Fk  .

Step 5. Compute the under- relaxation factor  �NR  necessary to enforce the feasibility constraint Eqs. 14 and 15.
Step 6. Update the number of moles and volume of the vapor phase  v

k+1
V  vkV � �NR�vkL  and the liquid phase  v

k+1
L  vkL + �NR�vkL .

Step 7. Check for convergence. If 
 
max
i�NC

˚ˇ̌
Fi

ˇ̌�
< "F

 
, then stop. Otherwise,  k k + 1  and return to Step 3. In this research,  "F   is set 

to  10�10 .

Initial Guess. Raoult’s law does not give accurate K values as the initial guesses for stability and phase- split calculation in this research. 
Also, N2 and water are strongly immiscible; therefore, a specific initial estimation for K values is possible as presented in this subsection. 
Let us define the index i = 1 as the component index for water. To search for an incipient aqueous phase, an initial guess for the 
composition is xi = 10–9, for i = 2, …, NC and x1 = 1.0 – (NC – 1) × 10–9. The molar volume is set to

 V = max
�
18 � 10�6, 1 + 10�4b

�
x
��

 , (39)

to search for an incipient aqueous phase. To search for an incipient vapor phase, an initial guess for the composition is xi = zi/t for i = 2, 
…, NC and x1 = 10-9/t, where t = 10-9 +  

PNC
j=2 zj.  The molar volume is set to

 V = Vtotal/
�
1.0 � z1

�
 , (40)

to search for an incipient vapor phase.
The initial guess composition for the phase- split calculation is the same as that described in Achour and Okuno (2021) if the Hessian 

of the reduced Helmholtz free energy is positive definite. However, the molar volumes are initialized by solving  V = ˇLVL + ˇVVV   subject 
to  PL = PV   using a NR algorithm. The algorithm is as follows:

Step 1. Set  Pk  10 bar  and  k 1 ,  Pmin  10�9  ,  Pmax  2 � 10�9 .
Step 2. Solve the EOS for the molar volume of liquid  VL  and vapor  VV   at the pressure Pk and compute the derivative of pressure with 

volume for both phases. Compute the total volume Vt = VL + VV.
If Vt < Vtotal, set  Pmax  Pk  . Otherwise, set  Pmin  Pk  .
Step 3. Update the pressure

 
Pk+1  Pk �

Vt � Vtotal
@VL
@P + @VV

@P

.
  

If  
ˇ̌
Vt � Vtotal

ˇ̌
/Vtotal < 10�7

 , the algorithm is converged. Use the liquid- and vapor- phase compositions and volumes as the initial guess 
to the flash calculation. Otherwise, set  k k + 1  and return to Step 2.

If the Hessian of the reduced Helmholtz free energy is not positive definite, it is unconditionally unstable. The L- phase mole fraction 
and initial guess compositions are set as follows:

 
ˇL  10�5

NCX
j=2

xi +
�
1 � 10�5

�
x1, xiL  

10�5xi
ˇL

, where i = 2, : : : ,NC, and
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x1L  

�
1 � 10�5� x1

ˇL
.
  

 The V- phase mole fraction and initial guess compositions are set as follows:

 
ˇV  

�
1 � 10�5

� NcX
j=2

xi + 10�5x1, xiV =
�
1 � 10�5� xi

ˇV
, where i = 2, : : : , Nc, and

  

 
x1V =

10�5x1
ˇV

.
  

The volumes of both phases are then computed using the NR algorithm above.

Application of the Thermodynamic Equilibrium Model to Aqueous NB Fluid with N2
This section first describes experiments and their results for aqueous NB fluids with N2 and then presents the application of the thermo-
dynamic equilibrium model to analyze the data.

Generation of Aqueous NB Dispersion of N2 at Elevated Pressures. Fig. 5 shows a schematic for the experiment to generate aqueous 
NB fluid in this research. Deionized water and high- purity N2 gas were pressurized in accumulators equipped with a piston. They were 
coinjected at an equal volumetric rate of 50 cm3/h (in total, 100 cm3/h) at the test pressure into a core holder in which three porous 
stainless- steel membranes are placed. The confining pressure on the core holder was greater than the test pressure by 35 bar. Each 
membrane had a diameter of 25.4 mm and a thickness of 3 mm with homogeneous pores of 5 µm. One possible mechanism for such a 
porous membrane to generate aqueous NB dispersion is that as the water and gas flow through the pores, the hydrodynamic mixing and 
gas snap- off make dispersed gas bubbles in the aqueous phase that are supersaturated by the gas component. The water exiting from these 
three membranes contains a greater amount of N2 than the inherent solubility because of two modes of dispersion—bubble dispersion 
in the internal phase and molecule dispersion in the external phase. The aqueous NB fluid prepared was then transferred into a receiver 
accumulator for storage at high pressure.

Fig. 5—Schematic of the experimental setup used to generate aqueous NB fluid.

Fig. 6 shows a schematic for the experiment to measure the thermodynamic properties of an aqueous NB fluid. Following the proce-
dure given previously, the aqueous NB fluid sample was transferred from the receiver accumulator into a sapphire cell at pressure P1. The 
sapphire cell provides a viewing window to observe the behavior of the aqueous NB fluid, and it can withstand pressures up to 350 bar. 
The volume of the sapphire cell is known and denoted as Vcell. The cell was connected to the top side of an accumulator containing a piston 
and a pressure gauge. The piston was initially set at the top of the accumulator, and the dead volumes (Vd) in the line connecting the sap-
phire cell to the accumulator, as well as the line connecting the accumulator to the pressure gauge, were evacuated. Next, the cell was 
gradually depressurized by opening the cell to fill the dead volumes with N2 from the aqueous NB fluid. The bottom side of the accumu-
lator was then opened to the atmosphere. Water was collected to gauge the displacement of the piston as the aqueous NB fluid sample was 
depressurized or expanded. The water collected corresponds to the volume of depressurized N2 in the aqueous NB fluid. The mass of the 
water collected is denoted as mw2, and the pressure at the top side of the accumulator after depressurization is P2. Finally, the remaining 
water in the cell was collected and its mass mw3 was measured.

These experiments were performed in Austin, Texas, USA, during the week of 3 April 2023. According to  timeanddate. com (2023), 
the average atmospheric pressure was 1.0135 bar during this period with a minimum of 1.000 bar and a maximum of 1.026 bar in Austin, 
Texas, USA. This pressure was used as P3 in the calculation. The temperature was recorded at 295.15 K for each measurement.

Analysis of Aqueous NB Fluid with N2. This subsection first shows the application of the thermodynamic framework described earlier 
to analyze the experimental data for aqueous NB fluid with N2 and to calculate the apparent radius of bubbles for each aqueous NB fluid 
sample. Although size distributions of NBs have been measured and reported for low- pressure (mostly atmospheric pressure) samples 
in the literature by using light scattering, spectral, and high- resolution imaging techniques, such measurement for high- pressure aqueous 
NB samples is not an easy task, requiring a specific design for the high- pressure sample container used. The estimated bubble sizes in this 
section enable us to understand the overall behavior of the aqueous NB fluid with N2 from a thermodynamic viewpoint.
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First, the data are analyzed by using the thermodynamic equilibrium model based on the following assumptions:
1. Data were measured at equilibrium.
2. The water mass measured in Step 3 (Fig. 6) was at equilibrium with the N2 gas cap in the sapphire cell.
3. The mass of water left in the sapphire cell in the form of droplets on the interior was negligible in comparison to the mass measured 

as mw3.
4. The system was closed in the depressurizing process from P2 to P3.
As explained in the section “Thermodynamic Stability and Equilibrium of Aqueous NB Fluid,” the phase equilibrium including capil-

lary pressure can be specified by (NC + 3) variables (e.g., temperature, total volume, total mole numbers of components, and capillary 
pressure) (Achour and Okuno 2020). Here, we use the thermodynamic model for temperature, total volume, total mole numbers of com-
ponents, and the external phase pressure, which are measurable (directly or indirectly) for aqueous NB fluid samples in this research.

The procedure below first explains how to estimate the total mole numbers in the sapphire cell in Step 1 of the experiment (Fig. 6) and 
then how to determine the apparent radius of bubbles for the external phase pressure P1.

• Perform a flash calculation at P3 (atmospheric pressure) and 295.15 K for an equimolar mixture of the water/N2 binary system. The 
mixture is assumed to be equimolar only to obtain the equilibrium aqueous- phase composition in Step 3. The volume of the aqueous 
phase is calculated as  Vw3 = mw3VL/ML,  where  VL  and ML are the equilibrium aqueous- phase molar volume and weight. The mole 
number for water in the aqueous phase is  nw3 = mw3/ML = d1LVw3 .

• Perform a flash calculation at P2 and 295.15 K. The total volume of the aqueous phase in Step 2 is  VL2 = nw3/d1L,  where  d1L  is the 
water molar density in the aqueous phase obtained.

• Perform a flash calculation at P3 and 295.15 K for a binary water/N2 mixture where N2 (as an approximate composition of air) is at 
equilibrium with the water collected in Step 2. The volume of water collected is therefore  Vw2 = mw2VL/ML,  where  VL  and  ML  are 
the equilibrium aqueous- phase molar volume and weight. The total volume of the mixture at P2 is therefore  Vt2 = Vcell + Vw2 + Vd,  
where  Vd   is the dead volume contained in the line connecting the sapphire cell and the accumulator and the line connecting the 
accumulator to the pressure gauge.

• Determine the total number of moles in the system between the sapphire cell and the accumulator, which gives the liquid volume 
 VL2  and the gas volume  Vt2 � VL2 .

• Perform flash calculations at the total volume Vcell and the mole numbers of water and N2 with a bubble radius of 1 nm and 104 nm. 
If the external phase pressure P1 lies between the values for 1 nm and 104 nm, perform a bisection to find the bubble radius that 
gives the external phase pressure P1.

Table 9 shows the data measured in the experiment for aqueous NB fluids with N2. Use of the data in Table 9 with the procedure given 
above yielded a possible radius of bubbles for the temperature (295.15 K), total volume (Vcell), mole numbers for water (nw) and N2 ( nN2 ), 
and external phase pressure (P1). Among these input parameters, mw3 was the most uncertain and found to be influential to the resulting 
bubble radius in the calculation because the density of water was much greater than that of nitrogen. Table 9 shows that the uncertainty 
of mw3 was ±3 g; for example, if mw3 was smaller by 0.1 g, it could increase the calculated apparent radius of bubbles by one order of 
magnitude. Therefore, it was not possible to quantitatively determine the apparent radius of bubbles for these data with an order- of- 
magnitude accuracy only by using thermodynamic calculation. Nonetheless, the existence of bubbles with a realistic apparent radius for 
the actual experimental conditions indicates the possibility of thermodynamic aqueous NB fluid, in which the gaseous component is 
dispersed molecularly and also as bubbles in the external aqueous phase with capillary pressure.

To analyze the experimental data, the thermodynamic equilibrium model was solved for the overall composition of the water/N2 binary 
system at the specified temperature, the total molar volume, and the bubble radius. Because the mass of water collected from the sapphire 
cell mw3 was relatively uncertain, the thermodynamic calculation was repeated for multiple values of mw3 for each experiment within the 
range of possible values as shown in Table 9. For each calculation, the mole number for water nw and the L- phase volume were adjusted 
based on mw3. The mole number for nitrogen  nN2  was based on the V- phase volume in Step 2, using the mass of water collected from the 
receiver accumulator mw2 from Table 9. The radius of bubbles was then determined for a system specified at fixed T,  nN2 , nw,  Vcell , and 
PL.

Fig. 7 shows the overall N2 mole fraction  zN2  with a bold black line, the mole fraction of N2 in the aqueous phase  xN2,W   with a black 
dashed line, and that in the absence of capillary pressure  xN2,W

�
PC = 0

�
  with a dotted line for varying radius of bubbles. The stability 

criterion C (= D – ε see Eq. 21) was plotted for the secondary y- axis with a black dash- dotted line. The radius of bubbles at which C = 0 

Fig. 6—Schematic of the experimental setup to measure the thermodynamic properties of the aqueous NB fluid. The background 
image for bubbled water was retrieved from  freepik. com.
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was the minimum radius that met the stability criterion. The minimum radius of bubbles was calculated as 60.8 nm for Fig. 7a (Exp. 1 at 
34.59 bar), 39.1 nm for Fig. 7b (Exp. 2 at 68.93 bar), 25.4 nm for Fig. 7c (Exp. 3 at 104.2 bar), 27.0 nm for Fig. 7d (Exp. 4 at 103.3 bar), 
23.3 nm for Fig. 7e (Exp. 5 at 103.4 bar), 16.5 nm for Fig. 7f (Exp. 6 at 138.2 bar), 8.54 nm for Fig. 7g (Exp. 7 at 207.8 bar), and 7.14 nm 
for Fig. 7h (Exp. 8 at 277.1 bar). Table 10 presents  nN2  and nw and the respective mass of N2 and water used for the calculations with the 
data sets Exps. 1–8.

Parameter  r  nN2  nw  mN2  mw 

Unit nm mol mol g g

Exp. 1 60.18 0.5594 0.7572 0.01567 13.64

Exp. 2 39.00 0.9447 0.7580 0.02646 13.66

Exp. 3 25.33 1.401 0.7583 0.03924 13.66

Exp. 4 26.98 1.362 0.7584 0.03814 13.66

Exp. 5 23.21 1.451 0.7581 0.04065 13.66

Exp. 6 16.52 1.898 0.7586 0.05316 13.67

Exp. 7 8.542 3.136 0.7583 0.08785 13.66

Exp. 8 7.147 3.843 0.7594 0.1076 13.68

Table 10—Bubble radii, component moles, and mass at 
C = 0 for each experiment at 295.15 K and a volume of 
13.69 mL.

Fig. 8 shows the total reduced Helmholtz free energy using a bold black line and the total Helmholtz free energy of the vapor phase 
and the interface plotted for the secondary y- axis using a dotted line. For all the experimental data, the free energies monotonically 
decrease with decreasing bubble radii. That is, the overall composition that corresponds to C = 0 results in the smallest possible Helmholtz 
free energy of the aqueous NB fluid with N2 for a given temperature, total molar volume, and external phase pressure based on the ther-
modynamic equilibrium model and the experimental data in this research.

To give an overview of the calculated properties of the aqueous NB fluid samples in this research, an apparent radius of bubbles was 
calculated for the overall composition that corresponds to C = 0 for each pressure for each aqueous NB fluid sample by using the thermo-
dynamic equilibrium model. Once a radius of bubbles is set, the model gives various equilibrium properties of the aqueous NB fluid 
samples, which is an important benefit of using a thermodynamic model in this research. Fig. 9a shows that the mass of water  mw3  used 
for calculation at each pressure is within the uncertainty as given in Table 9. Fig. 9 also shows bubble radius, bubble number density, the 
amount of N2 in the bubbles, and the amount of N2 that is molecularly dissolved in the external aqueous phase, total interfacial area, IFT, 
and capillary pressure with respect to the external (aqueous) phase pressure (PL). The N2 contents in Fig. 9d were calculated as  xN2VˇV   
for the gas and  xN2LˇL  for the liquid water phase, where  ̌ V   is the vapor- phase mole fraction (as a total of bubbles) and  ̌ L  is the aqueous- 
phase mole fraction. The dotted line denoted as “Saturation” represents  xN2LˇL  when the N2 and water are at equilibrium with no bubbles 
and therefore with a single planar interface between two bulk phases in the system. Fig. 9e shows the fraction of N2 contained in bubbles 
calculated as  xN2VˇV/zN2  . The error bars are determined as half the difference between the smallest and largest values at 104 bar since the 
experiment was repeated three times as Exps. 3, 4, and 5.

Figs. 9b and 9c show that the calculated radius decreased, and the number density of bubbles increased with increasing PL. The extrap-
olation to atmospheric pressure using the two data points at the lowest pressure yields a bubble radius of 80 nm. This extrapolated radius 
lies within the range of measured bubble radii (25–200 nm) at atmospheric pressure (Alheshibri et al. 2016; Zhou et al. 2021).

Figs. 9d and 9e show that a large fraction of the N2 in the system is molecularly dissolved in the external aqueous phase. This is one 
of the most important findings in this research; that is, the existence of bubbles increases the N2 content in the system by increasing the 
molecule dispersion (supersaturation) in the aqueous phase much more than by containing N2 as bubbles. The presence of bubbles in 
aqueous NB fluid at equilibrium tends to increase the level of supersaturation in the external aqueous phase with capillary pressure. The 
results indicate that this supersaturation is the main contributor to the amount of N2 in the aqueous NB fluid. Because the gas content is 
one of the most fundamental properties of aqueous NB fluid (Ward et al. 1982), this insight gained by the thermodynamic equilibrium 

Parameter  P1  P2  P3  mw2  mw3  Vcell  Vd  

Unit bar bar bar g g mL mL

Exp. 1 34.59 1.22 1.013 4.54 10.765 ± 3 13.69 6.705

Exp. 2 68.93 1.29 1.013 11.4 10.930 ± 3 13.69 6.705

Exp. 3 104.2 1.15 1.013 23.58 11.405 ± 3 13.69 6.705

Exp. 4 103.3 1.29 1.013 19.49 11.310 ± 3 13.69 6.705

Exp. 5 103.4 1.29 1.013 21.22 11.295 ± 3 13.69 6.705

Exp. 6 138.2 1.22 1.013 32.01 11.040 ± 3 13.69 6.705

Exp. 7 207.8 1.22 1.013 57.41 11.835 ± 3 13.69 6.705

Exp. 8 277.1 1.22 1.013 71.92 12.040 ± 3 13.69 6.705

Table 9—Experimental data used in the calculation of aqueous NB of N2 
at 295.15 K.
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model in this research has fundamental impacts on the research and development of NB technologies, such as devices and applications to 
surface and subsurface processes.

Limitations of experimental techniques in fundamental research of aqueous NB fluids are known in the literature (e.g., Tan et al. 2020); 
for example, dynamic light scattering techniques are currently unavailable for measuring bubble size distributions for aqueous NB fluids 
at elevated pressures, to the best of our knowledge. This section showed that the bubble size estimation by using the thermodynamic 
model was sensitive to the experimentally obtained mole numbers of components in the system; therefore, such dynamic light scattering 

Fig. 7—Solutions of the thermodynamic equilibrium model for the aqueous NB fluid samples for Exps. 1–8. The secondary y- axis 
is the stability criterion C = D –  "  – D –  "  (see Eq. 21) multiplied by 103.
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techniques, experimental data (gas content for a set of thermodynamic conditions), and thermodynamic models would be complementary 
for high- pressure applications of aqueous NB fluids.

One of the limitations of the models presented in this paper is that the IFT model neglected the dependency on the radius of curvature 
in the functional form of Eq. 34. Although Fig. 9 presents the size- dependent IFT because of the thermodynamic relationships among 
variables, such as phase compositions, pressures, surface area, and IFT , Eq. 34 contains an obvious simplification; that is, the Parachor 
parameters calibrated for experiments on interfaces with much greater curvatures were applied for N2 NB fluids at high pressures. A 
potential and practical way to improve the simplification is to apply a correction factor for interfacial curvature in Eq. 34 (Ono and Kondo 

Fig. 8—Reduced total Helmholtz free energies [AR and (AV +  A� )/RT] for the aqueous NB fluids with N2 at 295.15 K for Exp. 1 through 
Exp. 8.
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1960; Santiso and Firoozabadi 2006; Firoozabadi 2016). Such improvements could be tested to evaluate the relative importance of phase 
composition and interface curvature to the magnitude of IFT; however, that is outside the scope of this paper.

Fig. 9—Mass of water in the sapphire cell, bubble radius, bubble number density, N2 content, fraction of N2 in bubbles, interfacial 
area, IFT, and capillary pressure of N2 in water for NB solutions at 295.15 K for Exp. 1 through Exp. 8.
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Conclusions
This paper presented the thermodynamic equilibrium model for aqueous NB fluid using the GERG- 2008 EOS. The model was applied to 
experimental data for an aqueous NB dispersion of N2 at pressures up to 277 bara (4,019 psia) at 295.15 K (71.6°F). Thermodynamic 
analysis of the experimental data yielded the following conclusions:
• A thermodynamic system of aqueous NB fluid is possible if gas bubbles are dispersed in the external aqueous phase that is super-

saturated by the gaseous species with no bulk gas phase. The energy analysis for aqueous NB fluid in this research indicates that the 
thermodynamic stability of aqueous NB fluid requires a minimum amount of gaseous species in the system.

• Application of the thermodynamic model to the high- pressure experimental data showed that the aqueous NB fluid system gives the 
smallest possible Helmholtz free energy at the overall composition that corresponds to the stable gas- bubble generation limit for a 
given temperature, total volume, and radius of bubbles.

• As the experimental data showed, the amount of gas in the aqueous NB fluid increased with increasing pressure of the external aqueous 
phase. Accordingly, the model indicated that the bubble radius decreased and the bubble number density increased with increasing 
pressure of the aqueous phase.

• The analysis of the data indicated that a large fraction (0.8–0.9) of the gaseous species (N2) in the system was molecularly dissolved 
in the aqueous phase. Hence, the existence of bubbles was important to increase the level of N2 supersaturation in the aqueous phase, 
but the amount of N2 as bubbles was not the main contribution to the total amount of N2 in the aqueous NB fluids in this research. 
However, this conclusion is subject to different levels of uncertainty in the models (i.e., IFT and EOS) and experimental data used in 
this research on high- pressure aqueous NB fluids.
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Appendix A
Use of the PR EOS for Inherent Solubilities for the Water-N2 Binary. This appendix presents the widely known challenges in using 
a cubic EOS for matching the inherent solubilities of water and gas. The PR EOS was used for the water- nitrogen binary system. The 
experimental data were taken from Tabasinejad et al. (2011). The EOS cannot match the solubility of nitrogen in the aqueous phase and 
that of water in the gaseous phase using a given value of the binary interaction parameter. This is an inherent limitation of a cubic EOS 
because its limited number of parameters do not give enough flexibility in matching data for relatively complex fluids involving polar 
species.
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Fig. A- 1—Comparison of the P- R EOS and experimental data for the solubility of water in the gaseous phase and that of N2 in 
the aqueous phase at 323.15 K. The experimental data were taken from Tabasinejad et al. (2011). The EOS was able to match the 
solubility of nitrogen in the aqueous phase with a BIP value of −0.58 but deviated substantially from the solubility of water in the 
gaseous phase.

Appendix B

Fig. B- 1—Flow chart for the flash calculation algorithm.
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