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A B S T R A C T

Steam-assisted gravity drainage (SAGD) is a widely-used method for heavy-oil and bitumen recovery. Analytical
SAGD models presented in the literature often overestimate bitumen-production rate substantially. Although
bitumen-production rate and steam-oil ratio (SOR) depend significantly on temperature near the steam-chamber
edge in SAGD, previous analytical models assumed the injected-steam temperature to uniformly distribute along
the edge of a steam chamber. The main objective of this research is to develop the first analytical SAGD model
that takes into account temperature variation along the edge of a steam chamber.

Local material balance and Darcy’s law are applied to each cross section perpendicular to the edge of a steam
chamber. Then, they are coupled with the global material balance for the chamber geometry that is an inverted
triangle. New analytical equations are presented for bitumen-production rate and SOR, in addition to associated
variables as functions of elevation from the production well, such as oil-flow rate and temperature along a linear
chamber edge. Bitumen-production rate and SOR can be calculated for a representative chamber-edge tem-
perature at a certain elevation from the production well.

Comparison of the analytical model with numerical simulations shows that bitumen-production rate and SOR
can be accurately estimated when the new model is used with the temperature taken from the midpoint of the
edge of a steam chamber. The chamber-edge temperature used for the new analytical model that gives accurate
results can be up to 100 Kelvin lower than the injected steam temperature for a given operating pressure in the
cases tested. The previous assumption of the injected-steam temperature at the chamber edge gives over-
estimated oil-production rates for SAGD. The constant temperature along the edge of a steam chamber gives
Butler’s concave interface of a steam chamber that is detached from the production well. For a chamber to
exhibit a linear interface, temperature must vary along the chamber edge, which occurs in reality mainly because
of heat losses to the over- and under-burden formations.

1. Introduction

Steam-assisted gravity drainage (SAGD) is a widely-used method for
in-situ recovery of bitumen. In SAGD, high-quality steam (e.g., 90%) is
injected into a bitumen reservoir through a horizontal well. The in-
jected steam forms a steam chamber, and condenses near the edge of a
steam chamber, where latent heat is released upon steam condensation.
Along the edge of a steam chamber, the heated, mobile bitumen and hot
water flow toward another horizontal well, which is located approxi-
mately 5m below and parallel to the injection well.

Bitumen is extremely viscous, and usually not mobile at original
reservoir conditions. However, bitumen viscosity is highly sensitive to
temperature; e.g., it can decrease from several million centipoise (cp) at

original reservoir temperatures to below 10 cp at 400 K [1]. This sen-
sitivity of bitumen viscosity to temperature makes SAGD applicable for
in-situ bitumen recovery. Recently, coinjection of steam and solvent has
been also studied to improve thermal efficiency of SAGD [2–4]. In such
coinjection processes, operating steam-chamber temperatures are lower
than those in SAGD, because vapor-condensation temperature becomes
lower in the presence of volatile solvents at a given operating pressure.
This tends to reduce the amount of heat conduction to the overlaying
formation rocks during bitumen recovery. Hence, chamber temperature
plays an important role in in-situ bitumen recovery in terms of oil-
production and energy efficiency.

Many analytical studies have been conducted to understand primary
factors affecting bitumen production, and to estimate bitumen-recovery
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efficiency in SAGD. Butler et al. [5] presented the first analytical SAGD
model by combining material balance and Darcy’s law as

= φq 2Δy 2kgα ΔS H/(mν ) ,oil-prod o s

where qoil-prod is the oil production rate; Δy, k, g, α, φ, ΔSo, H, and νs are
the unit length of the horizontal production well, permeability, gravity
constant, thermal diffusivity, difference between initial oil saturation
and residual oil saturation, reservoir thickness and oil kinematic visc-
osity at the steam temperature, respectively. m is a constant reflecting
the sensitivity of kinematic viscosity to temperature, and is defined in

= − −ν /ν [(T T )/(T T )]s o R S R
m [6], where νo, TS, and TR are oil kinematic

viscosity, steam temperature and initial reservoir temperature, respec-
tively. The value of m is considered to be 3–4 for bitumen and heavy oil.
Butler et al. [5] assumed the chamber-edge temperature (Te) to be the
steam temperature (TS) at the operating pressure. Furthermore, Te was
assumed to uniformly distribute along the interface of a steam chamber.
This assumption yields a concave edge of a steam chamber that extends
to infinity at the reservoir top, and is detached from the production
well.

Butler and Stephens [6] presented the “Tandrain” model by chan-
ging the constant 2.0 to 1.5 inside the square root in the equation given
above, assuming that the bottom of a steam chamber was fixed at the
production well. Later, Butler [7] proposed another model called
“Lindrain” by changing the constant to 1.3, assuming a straight steam-
chamber edge tangent to the production well. Calculation results from
these revised models were more accurate than the equation given
above. However, they still overestimated bitumen-production rates in
SAGD.

Reis [8] proposed another SAGD model with a linear steam-
chamber edge, which has been widely used:

= φq 2Δy kgα ΔS H/(2amν ) ,oil-prod o s

where the constant “a”was empirically set to 0.4, which is equivalent to
replacing the constant 2.0 by 0.8 inside the square root in the equation
of Butler et al. [5]. With the assumed chamber geometry of an inverted
triangle, Reis applied material balance globally to the entire mobile-
bitumen zone. Although Reis’ equation gives a lower bitumen-produc-
tion rate than the equation of Butler et al. [5], Tandrain, and Lindrain,
it still tends to overestimate SAGD’s bitumen production.

Various prior models added different considerations by making
various modifications to the models of Butler et al. [5] and Reis [8].
Some modified the fluid model in Butler et al.’s models [5–7]. Bharatha
et al. [9] considered the effect of dissolved gas on bitumen viscosity.
Sharma and Gates [10] took into account a relative-permeability dis-
tribution ahead of the edge of a steam chamber. Mojarad and Deh-
ghanpour [11] considered emulsion flow ahead of the edge of a steam
chamber. Some studies modified Butler et al.’s model [5] in terms of
reservoir properties. Cokar et al. [12] considered the effect of volu-
metric heat expansion on production in their analytical model. Irani
and Cokar [13] considered the dependence of reservoir properties on
temperature, and used local reservoir properties in their calculation.
Studies based on Reis’ model [8] include Akin [14], who considered the
effect of asphaltene deposition on the oil-phase viscosity, and Azad and
Chalaturnyk [15], who considered permeability heterogeneity in their
analytical model.

All prior studies assumed that the chamber-edge temperature is
equal to the injected-steam temperature at an operating pressure.
However, observations from simulation results and field data [16,17]
indicate that Te varies along the edge of a steam chamber. Then, the
main objective of this research is to develop the first analytical SAGD
model that accounts for a temperature variation along a linear steam-

Nomenclature

SAGD steam-assisted gravity drainage
SOR steam-oil ratio

Greek Symbols

α thermal diffusivity of reservoir
βθ parameter used to describe the extent to which flow di-

rection deviates from steam chamber edge
θ angle between steam chamber edge and horizontal
θave average angle of oleic flow along the chamber edge
µ dynamic viscosity
ν kinematic viscosity
ξ distance normal to the steam chamber edge
ρ density
τ term defined by Eq. (A.8)
φ porosity of reservoir
ω acentric factor

Roman Symbols

a an empirical constant used in Reis’ model
a1, a2, a3, a4 density correlation constants in Eq. (12)
g gravitational acceleration
H vertical distance from reservoir top to the production well
hi equals to one-meter in this paper
Io integration of kinematic viscosity of oil phase in the cross-

section perpendicular to steam chamber edge
k permeability
krave average value of relative permeability in each cross-sec-

tion ahead of steam chamber

l distance starting from production well in the direction
along steam chamber edge

M volumetric heat capacity
NL number of one-meter layers used in the calculation of SOR

with Eq. (9)
qo oil flow rate
qoil-prod oil production rate at the production well
ΔSo reducible oil saturation of reservoir
T temperature
U chamber edge advancing velocity that is normal to the

edge
Uo flow velocity of oleic phase along steam chamber edge
v chamber edge advancing velocity in horizontal direction
vmax chamber edge advancing velocity at the reservoir top
Ws width of steam chamber at reservoir top
x mole fraction of a component in the L phase
Δy unit length in the direction along the production well
z elevation

Subscript

ceiling contact area between steam chamber and overburden
layer

D dimensionless
e steam chamber edge
L the point where the perpendicular line from steam

chamber edge ξ intersects with production layer
R under reservoir condition
s at steam temperature
o oleic phase
over overburden formation properties

X. Shi, R. Okuno Fuel 217 (2018) 262–274

263



chamber edge. Unlike prior SAGD models, the resulting model requires
a representative chamber-edge temperature as one of the input para-
meters for analytical solution of SAGD, as will be shown in this paper.
This paper also discusses a few major simplifying assumptions used in
the analytical model, i.e. 1-D single-phase flow along the chamber edge
and 1-D heat conduction.

The central question that initially motivated this research was how
temperature is supposed to change along the edge of a steam chamber
for a given bitumen production rate. As will be shown in this paper, the
conventional assumption of constant chamber-edge temperature is not
necessary to derive an analytical equation for bitumen-production rate
for SAGD. This research analytically clarifies that assumption of a
certain chamber geometry implicitly results in a certain temperature
distribution along the edge of a steam chamber. This clarification is the
most fundamental novelty of this paper. This research also clarifies that
Butler’s chamber geometry is caused by the assumption of a constant
temperature (i.e., the wet-steam temperature at the operating pressure)
along the chamber edge. The general framework presented for the de-
rivation in this paper is expected to yield a different analytical model
for a different chamber geometry (e.g., a simple polynomial function to
represent a certain chamber-growth pattern), although such an exten-
sion is beyond the scope of the current paper.

2. Theory

This section presents a concise derivation of bitumen-production
rate and steam-oil ratio for SAGD in the side-way expansion stage after
a steam chamber has reached the reservoir top. The derivation consists
of three main components: local material balance applied to a cross
section perpendicular to the edge of a steam chamber, Darcy’s law
applied to oil flow along the edge of a steam chamber, and global
material balance. The derivation is general in that it yields a unified
framework for the models of Butler et al. and Reis, their variants, and
this research by use of their corresponding assumptions [18].

The assumptions made in this paper, which are commonly used in
the literature [7–9], are as follows:

1) A steam chamber is an inverted triangle with its vertex fixed at the
production well.

2) Laminar flow parallel to the edge of a steam chamber
3) Homogeneous, isotropic reservoir
4) No chemical reaction
5) No interaction between fluid and rock
6) Incompressible oil
7) Negligible capillary pressure
8) Vapor-phase flow parallel to the edge of a steam chamber is neg-

ligible
9) Density of vapor phase is negligible in comparison with that of oil

phase
10) Constant permeability to the oil phase ahead of the edge of a steam

chamber
11) 1-D quasi-steady state heat conduction through the moving inter-

face of a steam chamber
12) Heat losses to under and overlaying formation rocks.

Fig. 1 shows a schematic for the derivation, which only accounts for
one half of the reservoir. Assumption 12 is part of Assumption 1; that is,
a linear edge of a steam chamber is unlikely without heat losses to
under and overlaying formation rocks [18]. Assumption 11 indicates
that heat transfer is calculated only based on a temperature gradient in
the direction of interest; e.g., the perpendicular direction to the edge of
a steam chamber, and the perpendicular direction to the reservoir top
and bottom lines. This is not called 2-D heat transfer because a tem-
perature gradient parallel to the interface is assumed not to affect the
heat transfer.

In Appendix A1, the local material balance and Darcy’s law are
coupled to derive the derivative of oil flow rate, qo, with respect to
elevation z as follows:

∂
∂

= − φ
q
z

2 ΔS kgτ(Δy)o
2

o
2

(1)

for the cross-section perpendicular to the edge of a steam chamber at
elevation z. As shown in Appendix A2, this equation can be used also for
Butler et al.’s model and its variants. In the above equation, τ is the
dimensionless variable defined in Eq. (A.8).

Eq. (1) is applied to the assumed linear edge of a steam chamber.
Then, the chamber-edge advancing velocity in the horizontal direction
varies linearly with elevation z as follows:

Oil-phase flow 
(Uo)

z

Steam chamber

Maximum horizontal chamber-
advancing velocity (vmax)

Chamber-edge
temperature (Te)

Temperature 
at L (TL)

Initial reservoir 
temperature (TR)

Chamber-edge advancing 
velocity (U)

L

Fig. 1. Schematic for oil flow along the edge of a steam
chamber in SAGD for the developed analytical model.
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= =v zv / H v z ,max max D (2)

where vmax is the maximum chamber-advancing velocity in the hor-
izontal direction at the reservoir top; H is the vertical distance between
the reservoir top and the production well; and dimensionless elevation
zD is defined as =z z/HD . Combining Eq. (1) with Eq. (2) gives the
following:

∂
∂

= φ
q
z

ΔS v z Δyo
o max D (3)

for the cross-section at elevation z. Integration of Eq. (3) gives

= +φq (z) ΔS v Δyz /(2H) C,o o max
2 (4)

where C is the constant of integration.
Finally, C is evaluated by use of the global material balance of Reis

[8] for a half of an inverted-triangle chamber. That is,

= = − = −= φq | C ΔS Hv Δy/2 q ,o z 0 o max oil-prod (5)

where qoil-prod is the rate of oil production at the production well lo-
cated at z= 0. The negative sign for qoil-prod arises due to the notation
used for Darcy’s law that qo is positive in the upward direction along the
edge of a steam chamber (the l direction in Fig. 1). Substituting Eq. (5)
into Eq. (4),

= − − = − =φq (z ) ΔS HΔyv (1 z )/2 (1 z )q | .o D o max D
2

D
2

o z 0 (6)

Eq. (6) dictates the profile of qo along the edge of a linear chamber
edge. Using Eqs. (2), (5) and (A.9),

= −v (kgτΔy)/[z (1 z )q ].max D D
2

oil-prod (7)

Substitution of Eq. (7) into Eq. (5) yields

= −φq τkgH ΔS (Δy) /[2(1 z )z ] ,oil-prod o
2

D
2

D (8)

where the negative solution for qoil-prod was discarded, and τ was de-
fined as a function of elevation (z or zD) by Eq. (A.8). Eq. (8) is ob-
viously independent of zD because of the global material balance, Eq.
(5), within the current derivation based on the assumptions listed
previously. That is, Eq. (8) describes the consistency to be satisfied
among the variables and assumptions used; in particular, the relation-
ship between the vertical profile of chamber-edge temperature, Te(zD),
and production rate, qoil-prod.

This analytical model of SAGD does not require an injected-steam
temperature to solve for production rate. Instead, it requires a tem-
perature from somewhere along the edge of a steam chamber as part of
the input information. As will be shown later in this paper, however, a
representative temperature should be taken from, or estimated for the
mid-elevation range along the edge of a steam chamber for accurate
estimation of oil-production rate and SOR.

Calculation of SOR can also be derived according to the aforemen-
tioned assumptions and equations (Appendix B). The final equation for
SOR calculation is as follows:

∑

=

⎧

⎨

⎪
⎪

⎩

⎪
⎪

− + −

+ − + −

⎫

⎬

⎪
⎪

⎭

⎪
⎪

=

−

H y

y

SOR
[1

/(ρ L x)]

0.5M (T T )v Δ 2M [T T ]αh Δy

/(ztanθ)
2M (T T )Δ αv W /π q (T T )M

/q ,

w s

R S R max
i 1

N

R e(z) L(z) i

over ceiling R max S oil prod S R o

oil-prod

L

(9)

where ρw is the mass density of water in (kg/m3); LS is the latent heat
carried by the injected steam in J/kg; x is steam quality; MR, Mover and
Mo are the volumetric heat capacity of reservoir, overburden formation
and bitumen in (J·m−3·K−1), respectively; TS is injected-steam

temperature in K; NL is the number of one-meter layers; hi is set to one
meter in this paper; Tceiling is the temperature at the bottom of the
overburden formation which is assumed to be TS over the contact area;
and WS is the width of the ceiling of the half steam chamber.

A step-wise description of the algorithm that calculates oil-produc-
tion rate is given below.

1. Obtain the reservoir and bitumen properties, such as reservoir
thickness (H), horizontal-section length (Δy), reservoir temperature
(TR), operation pressure (P), permeability (k), mobile-oil saturation
(ΔSo), porosity (φ), thermal diffusivity (α), a relationship between
temperature and bitumen kinematic viscosity, and steam-chamber-
edge temperature around the midpoint along the steam-chamber
edge (Te).

2. Set TL to TR at the midpoint.
3. With the Te value taken from the middle elevation, use Eq. (A.8) to

calculate the value of τ for zD=0.5.
4. Substitute the resulting τ value into Eq. (8), and calculate oil-pro-

duction rate, qoil-prod.
5. Use the calculated qoil-prod to calculate a new TL according to Eqs. (2)

and (5), and Eq. (A.7). Use the new TL to calculate qoil-prod by re-
peating steps 3, 4, and 5 until the new qoil-prod becomes close to the
previous value (e.g., deviation less than 1.0 m3/day).

With the obtained qoil-prod, Eq. (8) can be solved for τ(zD). Fur-
thermore, Eq. (A.8) can be solved for Te as a function of z, or zD.

3. Model validation and discussion

This section firstly presents validation of the analytical solution
given in Section 2 against results from reservoir flow simulations. Si-
mulation cases used for the validation are made consistent with the
assumptions used for the analytical model as much as possible, as listed
in Section 2. However, some assumptions in the analytical model
cannot be set explicitly as part of the input information for a simulation
model. In this section, therefore, analysis is also conducted for the
following assumptions made in the analytical solution: 1-D quasi-steady
state heat conduction ahead of the chamber edge, and 1-D single-oil-
phase flow along the edge of a steam chamber. All simulation cases in
this research are performed by use of the STARS simulator of Computer
Modelling Group [20].

This section will explain why Te in the analytical solution should be
taken from the midpoint along the edge of a linear steam chamber.
Additionally, the difference of the new analytical model from Butler
et al.’s and Reis’ models in terms of Te will be clarified, which em-
phasizes the importance of considering temperature variation along the
chamber edge in analytical solution of SAGD.

3.1. Validation of the new analytical model

Only one half of a steam chamber is simulated in Section 3. Di-
mensions of the simulation model are 70.0× 37.5× 20.0m3 in the x,
y, and z directions, respectively. This homogeneous reservoir is dis-
cretized into 140× 1×20 grid blocks in the x, y, and z directions,
respectively. The injection well is situated at the 14th layer from the
top, while the production well is at the 18th layer from the top of the
reservoir. Both wells are located in the left-most column of the reservoir
model. Reservoir temperature and pressure are initially at 286.15 K and
15 bara. Table 1 lists pertinent reservoir properties used in the simu-
lation cases.

The phase behavior model in the simulation cases uses three com-
ponents: methane, bitumen, and water. Properties of the bitumen
component were taken from Kumar and Okuno [21]. Table 2 shows the
components’ critical pressure, critical temperature, and acentric factor.
Water dissolution in the oleic (L) phase is not considered in the main
simulation case in this section; hence, K-values for hydrocarbon
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components are represented by the Peng-Robinson equation of state
(PR EOS) [22] and those for water are represented by Raoult’s law.

L-phase viscosity in the STARS simulator is calculated by the fol-
lowing mixing rule:

∑=μ exp( x lnμ ),o i i (10)

where i= {methane, bitumen, water}, µo is L-phase viscosity, xi is mole
fraction of component i in the L phase, and µi is dynamic viscosity of
component i. Table 3 shows components’ viscosities at different tem-
peratures under the operation pressure, 35 bara [23].

L-phase molar density in the STARS simulator is calculated by the
following mixing rule (no volume change on mixing):

∑=1/ρ (x /ρ ),o i i (11)

where i= {methane, bitumen, water}, ρo is L-phase molar density and
ρi is the molar density of component i. The analytical model assumes
the L phase to be incompressible. To make the simulation model con-
sistent with the analytical model, bitumen is set to be incompressible.
However, methane, a compressible gas, is present in the L phase in the
simulation model. Molar densities of methane and water (mol/m3) are
represented in terms of pressure (P) and temperature (T) as follows:

= − − − − −

+ − −

ρ ρ exp[a (P 1.01325) a (T 288.15) 0.5a (T 288.15 )

a (P 1.01325)(T 288.15)],
i ii 1 2 3

2 2

4 (12)

where ρii is the molar density of component i under reference condition.
ρii = 2.00× 104mol/m3, a1= 5.13× 10−6 bara−1, a2= 1.32× 10−3

K−1, a3= 5.77×10−6 K−2, and a4= 4.05×10−8 K−1bara−1 for
methane; ρii = 5.54×104mol/m3, a1= 0.00 bara−1, a2=−1.67×
10−3 K−1, a3= 6.48×10−6 K−2, and a4= 0.00 K−1 bara−1 for
water.

Based on Eqs. (11) and (12), L-phase density at 35 bara is calculated
to be 992.64 kg/m3 at the steam saturation temperature, while it is
977.69 kg/m3 at the initial reservoir temperature. Hence, the change in
L-phase density caused by compressible methane is only 1.5%, which is
deemed negligible.

As mentioned previously, some assumptions made in the analytical
model cannot be set explicitly in the simulation model. At early times in
the simulation, a chamber edge is still developing to be linear, even in
the side-way expansion stage (assumption 1). At later times, however,
water condensate accumulates at higher levels near the edge of a steam
chamber, which deviates from the assumption of single-oil-phase flow
(assumption 10). Fig. 2 shows that the accumulation of water ahead of
the edge of a steam chamber increases with decreasing chamber-edge
angle, or with increasing bitumen production, in the current simulation
case. Accumulation of water condensate near the edge of a steam
chamber also makes the simulation model deviate from the assumption
of 1-D heat conduction (assumption 11) because multi-dimensional
convective flow of hot water causes heat convection.

Therefore, an appropriate time for validation of the analytical
model against the simulation model is when the edge of a steam
chamber becomes linear. This status in the simulation model is referred
to as Status I in this paper. Comparison between the analytical and si-
mulation models is also conducted at a later time, to highlight the de-
viation of the simulation model from the analytical model. This status
in the simulation model at a later time is referred to as Status II in this
paper.

In the current simulation case, Status I is reached at 75 days of in-
jection/production operation, when the angle of the steam chamber
edge, θ, is 43° (11% oil recovery). Status II is selected when θ is 28°
(18% oil recovery). The value for Te is taken from the midpoint of the
chamber edge, as mentioned in Section 2, which is 487.7 K under Status
I and 488.7 K under Status II.

Following the procedure described in Section 2, calculation results
at Status I are obtained as given in Table 4. The analytical model yields
12.8 m3/day, which is close to the simulated value, 12.9m3/day, for
bitumen production rate. Other analytical models overestimate the bi-
tumen production rate as shown in Table 4. Reis’s model and the Lin-
drain model give similar values of bitumen production rate for this case
at Status I, and they are more accurate than Butler’s model and the
Tandrain model.

All analytical models compared here are based on the widely-used
set of assumptions for analytical solution of SAGD, including single-oil-
phase flow ahead of the chamber edge. This assumption is less accurate
at later times because of increasing accumulation of water condensate,
as explained with Fig. 2. Fig. 3 compares the bitumen production rates

Table 2
Components’ properties used for the equation-of-state model [21]

Component MW, g/mol Tc, K Pc, bara ω

Methane 16.04 190.60 46.00 0.0080
Bitumen 530.00 847.17 10.64 1.0406
Water 18.01 647.10 220.64 0.3433

Table 3
Components’ viscosity at 35 bara [23]

Temperature, K Oil viscosity, cp Methane viscosity, cp Water viscosity, cp

283.15 2457801.75 38.54 1.3117
303.15 114116.11 22.59 0.798
323.15 10642.80 14.15 0.5453
343.15 1650.00 9.36 0.4028
363.15 422.00 6.48 0.3144
383.15 133.00 4.66 0.2555
403.15 58.70 3.46 0.2141
423.15 31.00 2.65 0.1835
443.15 18.30 2.07 0.1603
463.15 12.50 1.66 0.1421
483.15 9.24 1.35 0.1275
503.15 7.31 1.12 0.1155
523.15 6.10 0.94 0.1055

Table 1
Reservoir properties used for analytical calculations and simulations in Section 3.

Property Unit Value

Porosity – 0.33
Initial oil saturation – 0.75
Initial water saturation – 0.25
Residual oleic phase saturation – 0.13
Residual liquid saturation – 0.38
Oil phase relative permeability at irreducible water

saturation (krocw)
– 1

Relative permeability at water at residual oil
saturation (krwro)

– 0.3

Gas phase relative permeability at connate liquid
saturation (krg)

– 0.3

Exponent for Corey’s relative permeability for all
phases

– 1

Initial reservoir temperature (TR) K 286.15
Temperature of injected steam (TS) K 515.71
Initial reservoir pressure bara 15
Steam quality – 0.9
Latent heat of injected steam (LS) J/kg 1.75× 106

Maximum bottom-hole pressure for injector bara 35
Minimum bottom-hole pressure for producer bara 15
Horizontal well length (Δy) m 37.5
Maximum surface liquid rate for producer m3/day 200
Maximum steam rate for producer m3/day 1
Permeability (k) mD 4000
Rock heat capacity kJ/(m3·K) 2600
Rock thermal conductivity J/(m·day·K) 6.60× 105

Bitumen thermal conductivity J/(m·day·K) 1.15× 104

Gas thermal conductivity J/(m·day·K) 2892
Water thermal conductivity J/(m·day·K) 1.50× 105
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from the simulation, the new model, Butler et al.’s, and Reis’ at different
chamber angles. The simulated production rate decreases as production
proceeds because of increasing impact of multi-dimensional two-phase
flow on bitumen-production rate as discussed in Section 3.2. Table 5
shows details of the comparison at Status II. Although the new model
overestimates the bitumen production rate at Status II, it is system-
atically more accurate than Butler et al.’s and Reis’ as shown in Fig. 3.
These results also illustrate that the developed model is most accurate
at conditions close to Status I.

The simulation gives an instantaneous SOR of 4.10 at Status I, which
is reasonably represented by analytical models. The developed model
gives 3.83, and Reis’ SOR model gives 3.54 at Status I. The temperature
at the boundary between the steam chamber and overlaying formation

in the analytical SOR calculations is set to the steam temperature, TS,
according to the simulation.

The main difference of the new analytical model from other models
in the literature is that τ is not assumed to be constant in the new
model. The relationship between τ and elevation (or dimensionless
elevation zD) was analytically derived from the requirement of a linear
chamber edge for a given bitumen production rate in the new model
(Section 2). Fig. 4 shows the τ profiles for the new model, Butler et al.’s,
and Reis’ model on the basis of the current case (Table 1). The constant
τ for Butler et al.’s model yields a concave edge of a steam chamber,
which is unlikely under heat losses to the overlaying formation rocks,
and the detachment of the chamber edge from the producing well. Reis’
τ, which is also constant, is 2.5 times greater than Butler et al.’s value.
Reis’ constant τ is inconsistent with his assumption of linear chamber
edge, which is caused by the inconsistent use of global material balance
in his derivation as mentioned in Appendix A (Eq. (A.14)). Fig. 5 shows
the resulting profiles of L-phase flow rate from the new model and
Butler et al.’s. These two models assume different geometries of a steam
chamber, and this figure clearly shows that the assumed chamber
geometry dictates the profile of L-phase flow rate. Reis’ profile for L-
phase flow rate cannot be obtained since Reis’ model only gives bi-
tumen production rate, which is the absolute value of L-phase flow rate
at z= 0 (Eq. (A.15)).

This section showed that assumption of a certain chamber geometry
implicitly gives a certain temperature (or τ) distribution along the edge
of a steam chamber. Note that the analytical model for oil-production
rate in SAGD does not require details of heat losses to the over and
underburden. The linear edge of a steam chamber used for the global
material balance is considered as a consequence of complex energy
balance, including heat losses to the over and underburden.

Although not shown in this paper, the analytical model has been
validated for various simulation cases, as presented in [18], for dif-
ferent permeabilities, methane concentrations in the original oil, water
solubilities in oil, and water compressibilities. Since water solubilities
in oil can be quite high in SAGD [24–27], key results for the water-
dissolution case are briefly discussed here. The phase-behavior model in
this case uses the PR EOS for all three components, methane, bitumen,
and water, along with optimized binary interaction parameters as given
in Venkatramani and Okuno [23]. The simulation reaches Status I after
78 days of injection/production operation when the angle of the
chamber edge becomes 35° (16% oil recovery). The simulation model
gives 15.7 m3/day of bitumen production rate at Status I, which is
higher than the no-water-dissolution case discussed previously
(Table 4). The new analytical model gives 15.8m3/day, which is nearly
identical with the simulated value. Other models substantially over-
estimate the bitumen production rate; Bulter et al.’s, the Tandrain
model, the Lindrain model, and Reis’ model respectively give 28.9 m3/
day, 25.0 m3/day, 23.3 m3/day, and 22.8 m3/day. It was observed that
the advantage of the new model over other models is more significant
when bitumen-production rate is higher; e.g., for cases with higher
absolute permeabilities [18].
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Fig. 2. Accumulation of water ahead of the edge of a steam chamber increases with
decreasing chamber-edge angle, or with increasing bitumen production, in the simulation
case (Table 1).

Table 4
Comparison of analytical models and simulation results in terms of bitumen-production
rate under State I.

Production rate, m3/
day

Absolute
deviation

Relative
deviation

Simulation 12.8751 – –
This research 12.8219 −0.0532 −0.0041
Butler et al. [5] 19.0218 6.1466 0.4774
Tandrain [6] 16.4733 3.5982 0.2795
Lindrain [7] 15.3358 2.4607 0.1911
Reis [8] 15.0380 2.1629 0.1680
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Fig. 3. Comparison of the bitumen production rates from the simulation, the new model,
Butler et al.’s, and Reis’ at different chamber angles.

Table 5
Comparison of analytical models and simulation results in terms of bitumen-production
rate under State II.

Production rate, m3/
day

Absolute
deviation

Relative
deviation

Simulation 9.8986 – –
This research 12.9863 3.0877 0.3119
Butler et al. [5] 19.0218 9.1232 0.9217
Tandrain [6] 16.4733 6.5747 0.6642
Lindrain [7] 15.3358 5.4372 0.5493
Reis [8] 15.0380 5.1394 0.5192
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3.2. Discussion

The analytical calculation uses the Te value taken from the midpoint
of the linear edge of a steam chamber. This selection of Te was primarily
informed by many comparisons of Te profiles along the chamber edge
from the analytical and numerical simulation models in this research. In
this section, temperature distribution ahead of a steam chamber is
discussed in the context of the interplay between phase flow and heat
transport in SAGD. This will explain why Te from the midpoint is
chosen for the current analytical solution.

3.2.1. Temperature distribution ahead of a steam chamber
Fig. 6 shows that the analytical Te profile is close to the simulated

values in the elevation range of 7–16m at Status I (no-water-dissolution
case). The underestimated Te values at lower elevations come from
various simplifying assumptions, most directly from the 2-D two-phase
flow and 2-D heat transfer in simulation. In the analytical solution, the τ
profile is obtained for a specified bitumen production rate under the set
of assumptions, such as single-phase flow of oil. The analytical τ so
calculated tends to underestimate the chamber-edge temperature where
the oil-phase mobility is overestimated by not considering oil/water
two-phase flow. More details are explained below.

Fig. 7 depicts the simulated and analytically-calculated profiles of
temperature perpendicular to the chamber edge at z of 3m (Fig. 7a) and

9m (Fig. 7b). The difference between two plots at the chamber edge (0
m) corresponds to the difference shown in Fig. 6 at the corresponding z
values. At z of 3m near the reservoir bottom, the temperature differ-
ence is approximately 50 K at the chamber edge. As a result, the tem-
perature profiles beyond the chamber edge are also different from each
other. At z of 9m near the midpoint of the chamber edge, the analytical
and simulated profiles of temperature are close to each other.

The deviations observed near the bottom and top of the reservoir
model come from coupled effects of several simplifying assumptions in
the analytical model, such as 1-D quasi-steady-state heat conduction
from a moving interface, and 1-D single-oil-phase flow parallel to the
chamber edge. In terms of the former assumption, Butler [28] and
Keshavarz et al. [29] discussed that this assumption is not accurate near
the top and bottom of the reservoir for SAGD analytical solution. The
advancing velocity of a linear chamber edge monotonically decreases
with decreasing elevation until it becomes stationary at the production
well (see Fig. 1). Hence, the effect of a moving boundary on heat
conduction beyond the chamber edge diminishes near the bottom of the
reservoir. Near the top of the reservoir, on the other hand, the presence
of the overlaying formation makes the assumption of 1-D heat con-
duction inaccurate since multi-dimensional heat conduction inevitably
occurs there. The applicability of one-dimensional steady-state heat
conduction from a moving boundary to SAGD problems were also dis-
cussed in [8,9]. In the subsequent subsections, this issue is revisited
from the view point of two-phase flow ahead of a steam chamber.

3.2.2. Multi-Dimensional flow ahead of a steam chamber
L-phase flow ahead of a steam chamber is assumed parallel to the

chamber edge in all analytical SAGD models, including the current one.
Fig. 8 shows the distribution of L-phase flow vectors in the simulation at
Status I. Arrows in the figure represent L-phase flow directions and their
magnitudes. It clearly shows that L-phase flow near the bottom of the
reservoir is far from being parallel to the chamber edge on average.

To quantify the deviation of L-phase flow from the assumption, an
average angle of L-phase flow, θave, is measured for each cross section
perpendicular to the chamber edge at z as follows:

= −

−

θ (z) arctan[Σ(L phase flow in the vertical direction)/Σ(L

phase flow in the horizontal direction)]
ave

(13)

where the summations are performed along the cross-section perpen-
dicular to the chamber edge at each elevation. Elevation z is evaluated
at the chamber edge for each cross-section. Then, the following para-
meter βθ is reported at each elevation:

=β (z) sinθ (z)/sinθ,θ ave (14)
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Fig. 4. Profiles of τ for the new model, Butler et al.’s, and Reis’ model on the basis of the
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where z is the elevation measured at the edge of a steam chamber.
Table 6 shows the βθ values calculated based on the L-phase dis-

tribution shown in Fig. 8. Results show that the L-phase flow is closer to
being parallel to the edge of a steam chamber around the midpoint
elevation than near the bottom of the reservoir. Comparison between
Statuses I and II in terms of βθ indicates that the accumulation of water
condensate may have affected the L-phase flow direction in the middle
elevation range, but the difference in βθ is not entirely clear in this case.
The deviation of βθ from one near the reservoir bottom can be con-
firmed in Fig. 8, in which L-phase flow must converge to the producing
well. That is, multi-dimensional L-phase flow inevitably occurs near the
reservoir bottom because of the point sink for L-phase flow, and cer-
tainly influences the heat transport there. This is likely another reason
for the inaccuracy of the assumption of 1-D quasi-steady-state heat
conduction from a moving boundary near the reservoir bottom.

3.2.3. Two-phase flow ahead of a steam chamber
As in many previous SAGD models, the developed model assumes

the L-phase relative permeability to be one ahead of a steam chamber.
To evaluate the two-phase flow effect on oil flow, Bharatha et al. [9]
used the following equation:

∫ ∫=
− −

k k
ν (T T )

dT 1
ν (T T )

dT,rave T

T ro

o R T

T

o RL

e

L

e

(15)

where kro is local L-phase relative permeability, and krave is average L-
phase relative permeability in the cross section perpendicular to the
edge of a steam chamber.

Bharatha et al. [9] did not consider variable temperature along the
edge of a steam chamber; i.e., their equation does not contain elevation
z. Based on Bharatha et al., this section uses the following equation to
calculate average L-phase relative permeability for each cross-section
perpendicular to the chamber edge:

∫ ∫=
− −

k (z) k
ν (T T )

dT 1
ν (T T )

dT,rave T

T ro

o R T

T

o RL(z)

e(z

L(z)

e(z

(16)

where z is the elevation measured at chamber edge. krave is a function of
elevation z in this equation because Te changes along the edge of a
steam chamber. Calculation with this equation uses simulated results
for temperature distribution, L-phase relative permeability, and L-phase
kinematic viscosity in the ξ direction (perpendicular to the steam-
chamber edge) ahead of a steam chamber. The use of local temperature
simulated in each grid block avoids the deviation brought by the as-
sumed temperature profile ahead of a steam chamber in the analytical
model.
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Fig. 7. Temperature distribution ahead of the chamber edge at elevations; a. 3m, and b.
9 m. At z of 9 m near the midpoint of the chamber edge, the analytical and simulated
profiles of temperature are close to each other.

Fig. 8. Distribution of L-phase flow vectors in the simulation at Status I. Arrows in the
figure represent L-phase flow directions and their magnitudes. Vapor phase saturations in
white grid blocks are greater than zero; that is, white grid blocks are inside a steam
chamber. Vapor phase saturations in green grid blocks are zero; that is, green grid blocks
are ahead of a steam chamber. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

Table 6
Calculation results for βθ and krave on the basis of flow simulation results under Status I.
βθ is defined in Eq. (14), and krave is defined in Eq. (16).

βθ krave

z, m Status I Status II Status I Status II

17 −0.13 −0.22 0.91 0.99
16 0.98 1.77 0.98 0.86
15 0.52 0.82 0.97 0.89
14 1.01 0.75 0.88 0.89
13 0.88 0.73 0.91 0.88
12 0.81 0.74 0.92 0.88
11 0.80 0.79 0.91 0.87
10 0.80 0.83 0.91 0.86
9 0.81 0.68 0.91 0.89
8 0.79 0.69 0.90 0.88
7 0.74 0.71 0.90 0.87
6 0.68 0.72 0.90 0.87
5 0.64 0.71 0.90 0.86
4 0.62 0.65 0.91 0.88
3 0.71 0.64 0.88 0.87
2 0.55 0.56 0.89 0.89
1 0.38 0.41 0.89 0.91
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Table 6 shows the calculation results at Statuses I and II. As ex-
pected, krave is calculated to be smaller than one because of the two-
phase flow of oil and water ahead of a steam chamber. Comparison
between the two statuses indicates that krave decreases as operation
proceeds. This is because the accumulation of water condensation along
the edge of a steam chamber decreases L-phase relative permeability in
the mobile fluid zone (Fig. 2). This water condensate makes the drai-
nage zone thicker ahead of a steam chamber, which causes the flow
direction to deviate from being parallel to the chamber edge, especially
near the production well (Fig. 2). In Table 6, the krave values do not
show clear variability with respect to elevation z. Therefore, although
two-phase flow systematically decreases the L-phase mobility along the
edge a steam chamber, it may not directly affect temperature variation
along and ahead the edge of a steam chamber. It indirectly affects the
temperature variation through the effect of water accumulation on
multi-dimensional flow of oil.

4. Application of the new model to the Surmont SAGD project

The developed model is based on the widely-used set of simplifying
assumptions for analytical solution of SAGD. Application of such ana-
lytical models with SAGD field data is not expected to give accurate
estimations of bitumen-production rate and SOR because of various
complexities in actual fields, such as reservoir heterogeneity and steam-
propagation conformance along the horizontal section of a SAGD well
pair. However, this section presents application of the new model to the
Surmont SAGD project to show the improved estimation for bitumen-
production rate and SOR in comparison with other analytical models.
The surmount project was selected because of the availability of field
data, including chamber-edge temperature (Te) data from an observa-
tion well.

In this section, a steam chamber is two-sided as shown in Fig. 9.
Therefore, the analytical equation for bitumen-production rate, qprod, is

= −φq 2 τkgH ΔS Δy /[2z (1 z )] ,oil-prod O
2

D D
2

(17)

where ∫= −τ(z) α/[ν (T T )]dTT (z)
T

o RL
e(z) , and =z z/HD . This equation re-

quires Te at a given z, which should be from the middle elevation range
for accurate estimation of bitumen production as discussed in the pre-
vious section. Observation-well and thermocouple data for well pair A
of the Surmont SAGD project [16] give Te of 398.27 K at zD of 0.72, for
which zD is calculated based on the assumed chamber geometry (Fig. 9)
and the lateral distance between the well pair and the observation well.
Table 7 presents pertinent data for analytical calculation for well pair A
of the Surmont SAGD project.

Table 8 summarizes the results obtained from the new model and
other selected models, in comparison with field data. All analytical

models give substantial overestimations for bitumen-production rate,
but the new model yields a much improved estimation. This is mainly
because the new model properly uses the actual information regarding
chamber-edge temperature. All other analytical models use the steam
temperature, 498.15 K, which is 100 K higher than the Te value used for
zD of 0.72 in the new analytical model.

One reason for the overestimation of bitumen-production rate is
that the analytical models do not consider reservoir heterogeneity. The
field operation report [16] indicates that there are mud and shale
bodies that make permeability barriers in the reservoir. They affect
development of a steam chamber and, therefore, heat transfer in SAGD
[30]. Another reason for the overestimated bitumen-production rate is
that the model assumes a steam chamber to develop along the entire
horizontal section of a SAGD well pair.

The SOR estimated by the new model is 3.0, which is lower than the
field value, 4.0. This is affected by the overestimated bitumen-pro-
duction rate, but there are other possible reasons for the overestimated
SOR. For example, the SOR calculated is sensitive to the heat capacity
used and, to a lesser extent, the temperature at the reservoir top within
a steam chamber. The heat capacity used (Table 7) is based on an
average value for the reservoir, instead of the overlaying formation, in
the absence of relevant data. The temperature at the reservoir top used
in the current calculation is the steam temperature (TS); however, ac-
tual temperatures near the reservoir top may be lower because of the
effect of heterogeneity on steam-chamber growth.

5. Conclusions

This paper presented the first analytical model for SAGD with
consideration of temperature variation along the edge of a steam

Observation well
WS

Lateral distance between observation well 
and production well

H

z

Te
Intersection point of observation 
well and steam chamber edge

Fig. 9. Schematic for a two-sided steam chamber used for Section 4. This explains how to
estimate a steam chamber-edge temperature Te at elevation z from an observation well.

Table 7
Field data for Well Pair A for the Surmont SAGD project [16]

Unit ConocoPhillips Surmont Well
Pair A

Initial reservoir temperature (TR) K 288.15
Temperature of injected steam (TS) K 498.15
Bitumen density (ρo) kg/m3 880
Reservoir thickness (H) m 30
Well length (Δy) m 850
Reservoir porosity (φ) – 0.33
Reservoir thermal diffusivity (α) m2/s 7.00×10−7

Permeability to oil (k) m2 1.00×10−12

Reducible oil saturation (ΔSo) – 0.67
Bitumen kinematic viscosity at

injection temperature (vs)
m2/s 3.41×10−6

Temperature-viscosity parameter (m) – 4
Heat capacity of reservoir (MR) [27] J/(m3·K) 2.60×106

Heat capacity of overburden (Mover)
[27]

J/(m3·K) 2.60×106

Steam Quality – 98%
Latent heat of injected steam (LS) J/kg 1.84×106

SOR – 4
Cumulative SOR – 3.5

Table 8
Comparison of analytical results and field data for Well Pair A of the Surmont SAGD
project.

Input chamber edge temperature at the intersection (Te, K) 398.27
Dimensionless elevation of the intersection (zD) 0.7183
Production rate from Butler et al. [5] (m3/day) 379
Production rate from Tandrain [6] (m3/day) 329
Production rate from Lindrain [7] (m3/day) 306
Production rate from Reis [8] (m3/day) 300
Production rate from this research (m3/day) 87
Production rate from field data (m3/day) 36
Calculated SOR 3.0
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chamber. Since temperature is the most influential factor in SAGD, the
research was originally motivated by the question as to how tempera-
ture is supposed to vary along the edge of a steam chamber for a given
bitumen production rate. Analytical equations were presented for bi-
tumen-production rate and SOR for a representative temperature at the
midpoint of the edge of a steam chamber. Comparison of the analytical
equations with reservoir simulations showed that they are in good
agreement when the assumptions made in the analytical model are
reasonably close to the simulation conditions. Conclusions are as fol-
lows:

1. Analytical solution of SAGD does not require the conventional as-
sumption that the injected-steam temperature uniformly distributes
along the edge of a steam chamber. The new model properly solves
for temperature and oil-production profiles along the edge of a
steam chamber by keeping the consistency between a linear
chamber edge and a given oil-production rate. The constant tem-
perature along the edge of a steam chamber (i.e., the conventional
assumption) gives a concave interface of a steam chamber that is
detached from the production well, like the one by Butler et al. [5].
For a chamber to exhibit a linear interface, temperature must vary
along the chamber edge, which occurs in reality mainly because of
heat losses to the over- and under-burden formations.

2. Prior models tend to overestimate oil-production rate substantially,
because they use the injected-steam temperature as the chamber-
edge temperature. Results indicate that temperature at the midpoint
of the edge of a steam chamber can be used for accurate estimation
of oil-production and SOR for a linear chamber edge. The chamber-
edge temperature used for the new analytical model that gives ac-
curate results can be substantially lower than the injected steam

temperature for a given operating pressure in the cases tested.
3. Temperature profile ahead of a steam chamber based on steady-state

1-D heat conduction from a moving boundary is widely used in
analytical models of SAGD. However, this assumption is inaccurate
near the top and bottom of a reservoir. For the top section, there is
2-D heat conduction because of the heat loss to the overburden, in
addition to the reservoir ahead of the chamber edge. For the bottom
section, multi-dimensional heat convection due to high-temperature
fluid flow is ignored in the assumed profile of temperature. Results
show that the temperature profile based on steady-state 1-D heat
conduction from a moving boundary is closer to the temperature
profile simulated for the middle of the reservoir than to those near
the top and bottom of the reservoir.

4. Application of analytical models to SAGD field data showed that the
presented model gives least overestimated results in terms of bi-
tumen-production rate in comparison with prior models [5–8]. This
is mainly because the new model properly uses the actual in-
formation regarding chamber-edge temperature. All other analytical
models use the steam temperature, 498.15 K, which is 100 K higher
than the Te value used for zD of 0.72 in the new analytical model for
the field case tested.
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Appendix A. Analytical equations for SAGD

The entire derivation of bitumen-production rate for SAGD’s side-way expansion stage consists of the following:

Local material balance applied to a cross section perpendicular to the edge of a steam chamber
Darcy’s law applied to the oil phase flowing along the chamber edge
Global material balance applied to the entire reservoir.

In Appendix A1, the first two items are combined to derive the derivative of oil flow rate with respect to elevation. In Appendix A2, previous
SAGD models are discussed in terms of their assumptions and their consequences.

A1. Local material balance and Darcy’s law

The assumptions made and the corresponding schematic are given in Section 2. Firstly, local material balance is applied to a cross-section
perpendicular to the edge of a steam chamber, along which 1-D flow of incompressible oil occurs:

∫ ∫ ∫ ∫+ =
∞ ∞

φd
dt

S dydξ d
dl

U dydξ 0,
0 0

Δy
o 0 0

Δy
o (A.1)

where Δy is the unit length along the horizontal section of a SAGD well pair, the ξ direction is perpendicular to the linear steam chamber edge,
and Uo is the Darcy flow velocity for oil phase in the l direction (Fig. 1). Note that ξ=0 at the edge of a steam chamber. The angle of the edge of a
steam chamber is measured from the horizontal line as θ (Fig. 1). This angle decreases as bitumen production proceeds. Integration of Eq. (A.1) and
transformation of the coordinate from l to z by dividing Eq. (A.1) by sinθ give

− + ∂ ∂ =φΔS vΔ y q / z 0,o o (A.2)

where v is the interface advancing velocity in the horizontal direction, and z is the elevation from the production well.
Secondly, Darcy’s law is applied to the oil and vapor phases along the edge of a steam chamber. Under the assumptions made previously, oil-

phase flow rate along the edge of a steam chamber is

= − = −U (z) kρ gsinθ/μ kgsinθ/ν ,o o o o (A.3)

where k is absolute permeability, and νo is kinematic viscosity of oil. Integrating Uo for a cross-section perpendicular to the edge of a steam
chamber, oil-flow rate at elevation z is

∫ ∫= = − = −q (z) U Δydξ (kgsinθ/ν )Δydξ kgsinθΔyI ,o o

ξ
o 0

ξ
o o

L L
(A.4)

where “Io” is defined as
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∫=I (z) 1
ν

dξ.o 0

ξ

o

L

(A.5)

In Eqs. (A.4) and (A.5), ξL is the distance from the steam-chamber edge measured along the perpendicular line until it reaches z= 0 (i.e., the
production well’s elevation. See Fig. 1). Note that, unlike in prior models, the integration for Io is not from zero to infinity.

As done in previous SAGD models, 1-D steady-state heat conduction through a moving boundary [19] is used for transformation from ξ to
temperature. That is, temperature distribution, T(ξ), along the cross-section originated at elevation z is

= + − −T(ξ,z) T [T T ]exp[ ξvsinθ/α],R e R (A.6)

where Te is the local chamber-edge temperature at z, vsinθ (or U in Fig. 1) is local chamber-edge advancing velocity measured at z in the normal
direction, and α is thermal diffusivity of the reservoir. Temperature at ξL (TL) is obtained by substituting =ξ z/cosθL into Eq. (A.6); that is,

= + − −T (z) T [T T ]exp[ vztanθ/α].L R e R (A.7)

Use of Eq. (A.6) with Eq. (A.5) enables to express Io in terms of temperature (instead of ξ), and gives the following dimensionless variable:

∫= = −τ(z) UI α/[ν (T T )]dT.o T

T
o R

L

e

(A.8)

With Eq. (A.8), Eq. (A.4) is simplified as

+ =vq kgτΔ y 0o (A.9)

for the cross-section perpendicular to the edge of a steam chamber at elevation z.
Combining Eqs. (A.2) and (A.9) (i.e., local material balance and Darcy’s law) yields

∂
∂

= − φ
q
z

2 ΔS kgτ(Δy)o
2

o
2

(A.10)

for the cross-section perpendicular to the edge of a steam chamber at elevation z. Appendix A2 shows that Eq. (A.10) can be used also for Butler
et al.’s model and its variants.

A2. Comments on previous SAGD models

The previous SAGD models based on Butler et al. [5] and Reis [8] can be derived from the unified framework presented in this paper. This
appendix presents reproduction of Butler et al.’s and Reis’ equations.

For Butler et al. [5], Eq. (A.10) is integrated with the assumption that τ is constant with elevation z. That is,

= − +φq 2 ΔS kgτz(Δy) C,o
2

o
2 (A.11)

where C is the constant of integration. Then, Butler’s oil production rate is obtained as follows:

− == = φq | q | 2 ΔS kgτ H (Δy),o
2

z 0 o
2

z H o B (A.12)

where τB= α/mνs and νs= νo[(T− TR)/(Te− TR)]m. The negative solution was discarded. From Eq. (A.11), oil-flow rate of Butler et al. [5] can be
given as a function of elevation as follows:

= − −φq 2 ΔS kgτ H(1 z ) (Δy).o o B D (A.13)

Use of Eqs. (A.9) and (A.13) gives the chamber-advancing velocity, v, as a function of elevation z, which indicates the well-known concave
interface of Butler’s steam chamber.

For Reis’ model, Eq. (A.9) has to be replaced by

+ ==v q | kgτ Δ y 0,omax z 0 R (A.14)

where τR= τB/a and a was assumed to be 0.4 by Reis [8]. Then, Eq. (A.14) is applied to the global material balance for an inverted triangle,
which results in

= −= φq | 0.5 ΔS kgτ H (Δy).o z 0 o R (A.15)

Eq. (A.14) is somewhat inconsistent because vmax is v at the reservoir top (z=H), but qo is evaluated at the production well (z= 0). This
inconsistency is obvious by comparing Eq. (A.14) with Eq. (A.9), which is Darcy’s law applied locally at elevation z for the cross-section perpen-
dicular to the edge of a steam chamber. Furthermore, the assumption of the constant τR= τB/a is inconsistent with Reis’ own assumption of a linear
chamber edge; that is, as shown in this paper, variation of τ with respect to z is required for a chamber edge to be linear.

Appendix B. Steam-Oil ratio calculation

The heat injected mainly goes to four parts: heat carried by produced oil (QPO), heat loss to the overburden formation rocks (QOB), heat inside a
steam chamber (QSC), and heat ahead of a steam chamber (QAC). The derivation of SOR shown here is based on a half of a steam chamber, which is
the same as the derivation of production rate in Section 2. Because a steam chamber is assumed to be an inverted triangle, it has a large contact area
with the overburden rocks at a high temperature of the steam chamber. This causes a large amount of heat loss to the overburden formation.
Temperature on the interface between the reservoir and underlying formation is relatively low; hence, there is a limited heat loss to the underlying
formation. Heat loss to underlying formation rocks is omitted in the calculation as in previous studies [8,13,29,31].

Instantaneous SOR can be calculated by the following energy balance equation:
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′ = ′ + ′ + ′ + ′Q Q Q Q Q ,inj SC AC OB PO (B.1)

where Q′inj is the injection rate of latent heat carried by the injected steam in J/s; Q′SC is the rate of heat required for chamber expansion in J/s; Q′AC
is the rate of heat used for the reservoir ahead of the edge of a steam chamber in J/s; Q′OB is the rate of heat loss to the overburden formation in J/s;
and Q′PO is the rate of heat carried by produced bitumen in J/s. The sensible heat of hot water is not considered under the assumption that the heat
carried by the produced hot water is equal to the sensible heat of the injected steam.

Q′SC can be calculated by the increasing rate of heat inside the steam chamber. Heat inside a half steam chamber is

= −Q 0.5M (T T )W HΔy,SC R S R S (B.2)

where WS is the width of the top (ceiling) of the half steam chamber, MR is the volumetric heat capacity of reservoir. Thus, the rate Q′SC can be
expressed as

′ = = − = −Q dQ /dt 0.5M (T T )(dW /dt)Hdy 0.5M (T T )v HΔy.SC SC R S R S R S R max (B.3)

To obtain Q′AC, the heat stored in the reservoir ahead of the edge of a steam chamber is calculated.

= −d Q M (T T )dξdlΔy,2
AC R R (B.4)

where dl is the unit length in the upward direction along the edge of a steam chamber. Then, a temperature distribution ahead of a steam chamber is
obtained by the one-dimensional steady state conduction. According to Carslaw and Jaeger [19], it is expressed as

− − = − = −(T T )/[T T ] exp[ U ξ/α] exp( ξv z sinθ/α).R e(z) R (z) max D (B.5)

Substitution of Eq. (B.5) into Eq. (B.4) yields

= − −d Q M [T T ]exp( ξv z sinθ/α)dξdlΔy.2
AC(z) R e(z) R max D (B.6)

Eq. (B.6) can be integrated from =ξ 0 to the level of the production well in the perpendicular direction, as follows:

= − ydQ M [T T ]αdlΔ /(v z sinθ).AC(z) R e(z) L(z) max D (B.7)

The unit length of the steam-chamber edge, dl, can be expressed as =dl dz/sinθ. Hence, Eq. (B.7) becomes

= − ydQ M [T T ]αdzΔ /(v z sin θ).AC(z) R e(z) L(z) max D
2 (B.8)

To obtain QAC, Eq. (B.8) is integrated in terms of elevation, z, as shown in Fig. 1. The temperature at the edge of a steam chamber (Te) varies with
z. To simplify the calculation in this research, Te is considered constant for a layer of one-meter thickness. Thus, QAC is expressed as a summation of
the heat residing ahead of a steam chamber for each one-meter layer with the corresponding Te. Thus, integration of Eq. (B.8) yields

∑= −
=

Q M [T T ]αh Δy/(v z sin θ),AC
i 1

N

R e(z) L(z) i max D
2

L

(B.9)

where NL is the number of one-meter layers, and hi is set to one meter in this paper.
Then, Q′AC is

∑′ = = − = − − yQ dQ /dt i 1 2M [T T ]αh sin θcosθΔ /(v z )(dθ/dt).AC AC
N

R e(z) L(z) i
3

max DL (B.10)

According to the linear geometry assumed for a steam chamber, the angle between the steam chamber edge and horizontal line can be expressed
as

=θ arctan(H/W ).S (B.11)

Therefore,

= − +dθ/dt Hv /(H W ).max
2

S
2 (B.12)

Substitution of Eq. (B.12) into Eq. (B.10) gives

∑′ = = − h θQ i 1 2M [T T ]α Δy/(ztan ).AC
N

R e(z) L(z) iL (B.13)

The heat loss to the overburden (QOB) is given by

∫= − −= σQ αM dT
dz

| (t )dWΔy,OB over 0

W
z H

S

(B.14)

where Mover is volumetric heat capacity of the overburden formation, σ is the time since the steam zone reached a specific width, t is the time
since the commencement of operation, α is the thermal diffusivity of the reservoir, and =|dT

dz z H can be obtained according to the one-dimensional
unsteady-state heat transfer equation of Carslaw and Jaeger [19]. The temperature at the bottom of the overburden formation (Tceiling) is equal to the
overburden formation. It is temperature at the contact area between the steam chamber and assumed that Tceiling is constant all over the contact area
in the deviation. Then,

∫= − − = −σ y vQ 2M (T T ) α/π (t ) dWΔ (4/3)M (T T ) α/(π ) W Δy.OB over ceiling R 0

W
over ceiling R max S

3
2S

(B.15)

The heat-loss rate to overburden (Q′OB) is

′ = = − vQ dQ /dt 2M (T T )Δy α W /π .OB OB over ceiling R max S (B.16)

When it is reasonable to assume Tceiling to be the steam-chamber temperature (TS), Eq. (B.16) becomes
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′ = −Q 2M (T T )Δy αv W /π .OB over S R max S (B.17)

The amount of heat carried by the produced oil is:

′ = −Q q (T T )M ,PO o S R o (B.18)

where qo is the oil production rate and can be obtained by the analytical model presented in this paper. Mo is the volumetric heat capacity of the
produced oil. The temperature of the produced oil is assumed to be TS.

The relationship between the rate of the injected steam (CWE, cold water equivalent in m3/s), qs, and the rate of the heat provided can be
expressed as

= ′q Q /(ρ L x),s inj w s (B.19)

where ρw is the volumetric density of water in kg/m3, LS is the latent heat carried by the injected steam in J/kg and x is steam quality.
In summary, steam injection rate can be calculated by combining the above equations as

∑= − + − + − + −q [1/(ρ L x)]{0.5M (T T )v HΔ y 2M [T T ]αhΔy/(ztanθ) 2M (T T )Δy αv W /π q (T T )M }.s w s R S R max R e(z) L(z) over ceiling R max S prod S R o (B.20)

= −SOR q /q .s oil prod (B.21)
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