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referred to as narrow-boiling behavior. The direct substitution (DS) algorithms proposed in the literature
have convergence difficulties for narrow-boiling fluids.

This research presents a detailed analysis of the narrow-boiling behavior and its effects on the robust-
ness of the DS algorithms. A new DS algorithm is developed that addresses the direct reason for the
convergence issues associated with narrow-boiling behavior. The main focus of the research is on robust
isenthalpic flash for two hydrocarbon phases, although mathematical derivations are given for a general

Keywords:
Isenthalpic flash
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Equations of state multicomponent multiphase system. The thermodynamic model used is the Peng-Robinson equation of
Narrow-boiling fluids state.
Bisection The new DS algorithm is tested for various isenthalpic flash problems, which include the cases for which

the prior DS algorithms exhibit non-convergence. Results show that the narrow-boiling behavior causes
the system of equations solved in the DS algorithms to be degenerate. The degenerate equations can be
robustly handled by the bisection algorithm developed in this research. Case studies demonstrate that
the new DS algorithm exhibits significantly improved robustness for isenthalpic flash of narrow-boiling
fluids.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

Steam injection is a widely used method for heavy-oil recovery [1]. The steam injected releases the latent heat when it condenses into
hot water at thermal fronts. Part of the heat can effectively increase the oleic phase mobility because heavy-oil viscosity is highly sensitive
to temperature [2,3]. Steam-assisted gravity drainage (SAGD) is an important application of steam injection for recovery of extra-heavy oil
and bitumen [4].

Flow of fluid and energy is coupled with multiphase behavior of water-hydrocarbons mixtures in steam injection. A wide variety of
compounds that exist in a heavy-oil reservoir have different volatilities. Different compounds propagate differently in a reservoir during
the non-isothermal recovery process. Therefore, compositional effects are important in understanding and designing steam injection. For
example, thermodynamic conditions at thermal fronts are dependent on multiphase behavior of water-hydrocarbons mixtures at elevated
temperatures [5]. Vaporization and condensation of light hydrocarbons, one of the main oil-recovery mechanisms in steam injection, is a
consequence of the complex interaction between reservoir flow and multiphase behavior [2,6-10].

Compositional simulation of steam injection has been common practice in the oil industry, in which phase behavior is solved for based
on K-value tables prepared for different temperatures and pressures [11-13]. The thermal simulation based on K values is computationally
efficient and reasonably accurate in estimating reservoir processes. However, it does not capture detailed compositional effects on phase
equilibria and phase properties. A more general approach to phase behavior modeling is to use a cubic equation of state (EoS) in place of
K-value tables [9,14-17]. Phase behavior modeling based on an EoS is particularly important when the primary focus of flow simulation
is on investigation of detailed recovery mechanisms [9,18]. Recently, Iranshahr et al. [19] presented an efficient EoS thermal simulator on
the basis of phase behavior parameterization using tie-line information.
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Nomenclature

Roman symbols

a attraction parameter for a cubic equation of state
A dimensionless attraction parameter for a cubic equation of state
b covolume parameter for a cubic equation of state
B dimensionless covolume parameter for a cubic equation of state
C constant defined for temperature oscillation check
Cp;j heat capacity of phase j
gpio coefficients of component i defined in Eq. (17)

vector consisting of N¢ residuals of the fugacity equations
fi residual of the fugacity equations defined in Eq. (9)
fii fugacity of component i in phase j, or residual of the fugacity equations defined in Eq. (5)
fo function defined for temperature oscillation check
g residuals of material balance equations (j=1,2,...,Np—1)
&Np residual of the enthalpy constraint
G molar Gibbs free energy
H enthalpy
H molar enthalpy
ki binary interaction parameter between components i and j
K vector consisting of N¢ K values
K; K value of component i for a two-phase system defined in Eq. (10)
Kj K value of component i in phase j

liquid phase
Nc number of components
Np number of phases
P pressure
Pc critical pressure
R universal gas constant
S molar entropy
T temperature
Tc critical temperature
Ty 273.15K defined in Eq. (17)
\% vapor phase
1% molar volume
X; mole fraction of component i in the L phase for a L-V two-phase system
Xjj mole fraction of component i in phase j
Vi mole fraction of component i in the V phase for a L-V two-phase system
z; mole fraction of component i in a mixture
Z; compressibility factor of phase j
Greek symbols
o coefficients defined in Eq. (21)
B; mole fraction of phase j
& convergence criterion (e.g., 10-10)
&o constant used for temperature oscillation check
o fugacity coefficient of component i in phase j
w acentric factor
Subscripts
C critical property
D dimensionless property
i component index
j phase index
m mixture
ref reference value
spec specified value
Superscripts
dep departure
IG ideal gas
IGM ideal gas mixture
k index for iteration steps

lower bound
t total property
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T transpose

] upper bound

Abbreviations

BIP binary interaction parameter
DS direct substitution

EoS equation of state

PH isenthalpic (flash)

PR Peng-Robinson

PT isobaric-isothermal (flash)

QNSS  quasi-Newton successive substitution
SAGD  steam-assisted gravity drainage
SS successive substitution

A common selection of independent variables in EoS thermal simulation is the component mole numbers, pressure, and enthalpy for
each grid block [9,17]. Use of enthalpy as an independent variable associated with the energy conservation equation is more general than
use of temperature since the former can naturally accommodate the cases of one degree of freedom (e.g., two-component, three-phase
systems) [9]. In this simulation formulation, phase behavior at each grid block at each time step is calculated at a given pressure (P),
enthalpy (H), and overall composition; i.e., isenthalpic or PH flash.

The most fundamental formulation for PH flash is maximization of entropy (equivalently, minimization of negative entropy) subject to
the enthalpy constraint with the variables of temperature and component mole numbers in equilibrium phases [1,9]. Brantferger et al. [9]
developed a second-order algorithm for the constrained entropy maximization using Newton’s method. The Hessian matrix was modified
through the Cholesky decomposition when it was ill-conditioned. However, the non-linearity of the enthalpy constraint made it difficult
to ensure robust maximization of the entropy [9,20-23]. Michelsen [22] then proposed another objective function, for which the solution
existed at a saddle point of the function. However, it was mentioned that the proposed method could be problematic when narrow-
boiling phases were involved [21,22]. The term “narrow-boiling” has been used in the literature to refer to the enthalpy behavior that
is very sensitive to temperature [21,24]. Details of the convergence behavior and computational efficiency were not discussed for these
function-maximization methods. These methods are quadratically convergent near the solution. It is likely that their robustness depends
significantly on initialization of the iteration variables as is the case with minimization of the Gibbs free energy at a given temperature (T)
and pressure (P); i.e., PT flash [25-29].

Another type of PH-flash formulation uses PT flash that is nested in the outer temperature iteration loop [24]. This method fundamentally
fails for one degree of freedom, where pressure and temperature are interdependent [9,15,24].

Algorithms using Newton’s method can be initialized by more robust, but linearly convergent algorithms. In PT flash, for instance, the
traditional successive substitution (SS) algorithm and its accelerated variants are commonly used to provide initial estimates for Newton’s
method [30-35]. A PH-flash algorithm developed by Michelsen [21] had some algorithmic features in common with the SS algorithm for
PT flash, and was referred to as the direct substitution (DS) algorithm. In the DS algorithm, the fugacity equations and enthalpy constraint
were solved with K values and temperature as independent variables. For each iteration, one Newton'’s iteration step was performed using
the Rachford-Rice equations [36] and the enthalpy constraint as functions of independent phase mole fractions and temperature. Then, K
values were updated based on the temperature change that was just obtained by the Newton'’s iteration step. Unlike the PH flash algorithm
using nested PT flash mentioned before, the DS algorithms do not have the issue associated with one degree of freedom since temperature
and K values are updated within a single iteration loop [21,24].

The DS algorithm of Michelsen [21] was modified later by Agarwal et al. [24]. The main difference between the DS algorithms of
Michelsen and Agarwal et al. was that the latter performed a quasi-Newton update of K values [37,38] prior to the Newton'’s iteration step
for the Rachford-Rice equations and the enthalpy constraint. In general, this preliminary K-value update reduces the number of iterations
required for convergence. Siu et al. [39] used the DS algorithm of Agarwal et al. [24] in their fully implicit thermal wellbore model.

Michelsen [21] and Agarwal et al. [24] reported that their DS algorithms could exhibit non-convergence when narrow-boiling phases
were involved. The convergence issue was indicated by temperature oscillations in their algorithms, but the reason for the oscillations
was not detailed. The suggested remedy was to select the phase compressibility factors in such a way that K values did not converge to
unity during the iteration. Although its details were not entirely clear in their papers, it is unlikely that this approach always resolve the
convergence issues. For example, there are cases where only a single root exists in solution of a cubic EoS for an oscillating single-phase
fluid. More importantly, the direct reason for the convergence issue caused by the presence of narrow-boiling behavior is not the root
selection in solution of a cubic EoS as will be presented in Section 3.

Three equilibrium phases consisting of the oleic, gaseous, and aqueous phases are to be handled in application of PH flash in reser-
voir engineering of thermal oil recovery. However, additional complexities arise when water is part of the fluid system in PH flash;
e.g., the model capability of representing the Gibbs free energy that results in mutual solubilities of water and hydrocarbons at a wide
temperature-pressure range [40-42], and numerical difficulties associated with extremely small solubilities of hydrocarbons in the aque-
ous phase [40,41,43-46]. The current paper is focused on the convergence issues associated with narrow-boiling fluids for two hydrocarbon
phases, although many mathematical expressions are given for general multicomponent multiphase systems. Robust PH flash for water-
containing three-phase systems should consider geometric properties of the Gibbs free energy specific to the thermodynamic model used,
and will be presented in future publications.

The main objective of this paper is to develop an improved DS algorithm for two-phase PH flash. First, the formulation and prior DS
algorithms for PH flash are discussed. Then, the development begins with detailed analysis of the enthalpy sensitivity to temperature, in
which the main contribution of this research lies. The analysis explains the reason for the convergence issues that the prior DS algorithms
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can pose for narrow-boiling fluids. The improvement is made to directly address the reason of the convergence issue. Finally, case studies
demonstrate the improved robustness of the new DS algorithm.

2. Formulation and conventional algorithms

This section first presents the formulation for PH flash and working equations in the DS algorithm. Then, step-wise descriptions are
given for the DS algorithms of Michelsen [21] and Agarwal et al. [24] as implemented in this research.

2.1. Formulation

The most fundamental formulation for PH flash is to maximize the total entropy of a closed system at a specified pressure and enthalpy
[1,9]. That is, for a given P, Hspec and z; (i=1, 2, ..., N¢), itis to find Tand x;; (i=1, 2, ..., Nc,and j=1, 2, .., Np) that maximize

Np
S'= Zﬂ]ﬁja (1)
i1

where Hspec is the specified molar enthalpy, z; is the overall mole fraction of component i, x;; is the mole fraction of component i in phase
J» St is the total molar entropy, f; is the mole fraction of phase j, S; is the molar entropy of phase j, N is the number of components, and Np
is the number of equilibrium phases. The following constraints are to be satisfied:

Np
Zi:Z,Bjxij for i=1,2,..., Nc 2)
j=1
Np
Zﬁj -1.0 (3)
j=1
Np
I:It = Zﬂjt’j = I:Ispeo (4)
j=1

where H' is the total molar enthalpy, and H; is the molar enthalpy of phase j.

Cubic EoSs are widely used in the petroleum industry because of their simplicity, computational efficiency, and reasonable accuracy for
representing behavior of petroleum reservoir fluids [47,48]. In this research, the Peng—-Robinson (PR) EoS [49,50] is used along with the
van der Waals mixing rules [51]. Appendix A presents the PR EoS and thermodynamic derivatives based on the PR EoS that are used in the
subsequent sections.

2.2. Direct substitution

The direct substitution (DS) algorithm for PH flash is a root-finding approach, instead of direct maximization of the total entropy. It
searches for K values and T that satisfy Eqs. (2)-(4) and the fugacity equations

fij = In(x;0;) — In(xin, 0in, ) = 0, (5)
where @;; is the fugacity coefficient of component iin phasej(i=1,2,...,Nc,andj=1,2,..., Np —1). The K value of component i in phase j
is defined as

Kij = Xij/Xing.» (6)

wherei=1,2,...,Nc,andj=1, 2, ..., (Np—1). The Npth phase is the reference phase in Egs. (5) and (6).
As in the traditional SS algorithm for PT flash, K values are related to §; and x;; through the Rachford-Rice equations; that is, §; can be
obtained from solution of the Rachford-Rice equations. The Rachford-Rice equations are
Nc Nc
8= Z (X,J —Xin) = Z(KU - 1)Zl‘/t,‘ =0 for j: 1,2, ..., (Np — 1), (7)
i=1 i=1
wheret; =1+ Z}V:P;l(lq-j —1)Bjfori=1,2,..., Nc [52]. Then, the corresponding x;; can be obtained from x;y, = z;/t; and Eq. (6) forj # Np.
The DS algorithms developed by Michelsen [21] and Agarwal et al. [24] involve solution of the system of Np equations consisting of Eq.
(7) and the enthalpy constraint

ENp :Ht_Hspec:O (8)

forTand Bj (j=1,2, ..., Np— 1) based on Newton’s method for root-finding. The Jacobian matrix required is presented in Appendix B for a
general Nc-component Np-phase system. Appendix B also gives the Jacobian matrix for the case of Np =2, which is the main focus of this
paper.

In the conventional two-phase notation for the oleic (L) and gaseous (V) phases, the L phase is the reference phase in Egs. (5) and (6);
thus,

fi = In(yigw) — In(x;93) = 0, (9)
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where x; and y; are the mole fractions of component i in the L and V phases, respectively. The K value of component i is
Ki = yi/x:. (10)

The Rachford-Rice equation for two phases

Nc Nc
gr=) i-x)=» (K-1)z/t=0, (11)
i=1 i=1
where t;=1+(K;—1)B8y fori=1, 2, ..., N¢, and Eq. (8) (g2 =0) are solved simultaneously for T and Sy. The subsequent subsections present

step-wise descriptions of the DS algorithms of Michelsen [21] and Agarwal et al. [24] for Np=2 (see Appendix B for the 2 x 2 Jacobian
matrix).

2.2.1. Direct substitution algorithm of Michelsen [21]

This subsection presents a step-wise description for the DS algorithm of Michelsen [21].

Step 1. Specify Hspec, P, and z;, along with model parameters such as critical temperature Tg, critical pressure Pc, acentric factor w, and
Nc x N¢ binary interaction parameters (BIPs).

Step 2. Input an initial guess for temperature, T(!), where the number in the bracket represents the iteration-step number k = 1. Calculate
initial guesses for K values based on Wilson’s correlation [53].

Step 3. Solve Eq. (11) for the vapor phase mole fraction By(¥) for the kth iteration step so that |g;(K)| <& (e.g., &1 =10-19). Calculate the
corresponding x;(¥) and y;(¥),

Step 4. Calculate the residual of the enthalpy constraint (g,(). If |g,(¥) is less than the tolerance &, stop (e.g., &2 =10~10). Otherwise,
continue to step 5.

Step 5. Calculate In ¢;;%), (9In ¢;;/dT)(%), and phase heat capacities (Cp;(¥) for j=V and L.

Step 6. Calculate K values using one SS step (i.e., In K;) = (In ;. — In ¢, )®), (3ln K;/0T)*K), and g; ).

Step 7. Construct the 2 x 2 Jacobian matrix (see Appendix B).

Step 8. Perform one Newton’s iteration step to obtain By(*1) and T(*1),

Step 9. Calculate f, = |T*1) — T()|, where i=1, 2, .. ., k, to check for temperature oscillation. Continue to step 10 if f, is greater than &;
go=min;(|T) — TH#D|)/C, wherei=1,2,...,(k—1)and C(e.g., 10%)is a constant that defines the investigation radius around Tt**1), Otherwise,
temperature is considered to be oscillating. Then, go to step 4 with By(K)=0.5 and x;(K) = y;() = z; only for the first time the oscillation is
detected.

Step 10. Update K values; In K;**1) = In K;(0) + (0ln K;/0T)®)(T¢k*1) — T(K)), Go to step 3 after increasing the iteration-step number by one;
k=k+1.

The DS algorithm of Michelsen [21] performs one Newton's iteration step to obtain By and Tin step 8; however, note that its convergence
behavior is linear as can be seen in the K-value updates in composition (step 6) and T (step 10). Also, the only stopping criterion is that |g;|
be less than &5 in step 4. The other residual for g; has been satisfied in step 3. These are also true for the DS algorithm of Agarwal et al. [24]
in Section 2.2.2.

In step 5, phase compressibility factors are selected so that the resulting Gibbs free energy is minimized among the possible root
selections [54]. This conventional root selection, however, is not applied when step 9 detects temperature oscillation associated with
narrow-boiling behavior. For such a case, Michelsen [21] suggested that the oscillating single-phase system be split into two phases of
initially equal amounts and compositions (i.e., By =0.5 and x; =y; =z;) only for the first time the oscillation is detected. Then, the maximum
compressibility factor is chosen for the V phase and the minimum for the L phase for this iteration step and also the subsequent iterations.
However, this scheme does not always resolve the temperature oscillation issue as will be presented in Sections 3 and 5.

How to detect temperature oscillations was not explained in Michelsen [21] and Agarwal et al. [24]. In our implementation of their
DS algorithms, it has been observed that the temperature oscillations occur between two distinct temperature ranges in a quite regular
manner as will be presented in Sections 3 and 5. Based on the observation, temperature oscillations are detected using the procedure given
in step 9. The definition of temperature oscillation becomes stricter if a greater value is used for the C constant.

2.2.2. Direct substitution algorithm of Agarwal et al. [24]

The main modification of the DS algorithm made by Agarwal et al. [24] was that a quasi-Newton step was used for a preliminary update
of K values before constructing the Jacobian matrix. The quasi-Newton step used was based on Nghiem [37] and Nghiem and Li [38], and
referred to as QNSS. Steps 1-4 are not presented below as they are the same as in Section 2.2.1.

Step 5. Calculate In ¢;(!) and phase heat capacities (Cp;(1)) for j=V and L.

Step 6. Calculate the residuals of the fugacity equations (fi(!); see Eq. (9)).

Step 7. 7(2) = ’I(l) 7g2(1)/(21/3]ij)(1)

Step 8. Solve Eq. (11) for the vapor phase mole fraction Sy for the kth iteration step so that |g;(®)|<g;. Calculate the corresponding
x;) and y; (0.

Step 9. Calculate the residual of the enthalpy constraint (g5(). If |g,(¥)] is less than the tolerance &5, stop. Otherwise, continue to step
10.

Step 10. Calculate the residuals of the fugacity equations (fi¥); see Eq. (9)).

Step 11. Perform a QNSS step for intermediate K values, K;(k*0-5);

(In K — In Rk flk=1) -

In K*+0-5) — 1n RUO 4
(InK® — lnk(k_n)T(f(k) — flk-1))

(12)

where K andf are vectors consisting of N¢ K values and N¢ residuals of the fugacity equations (Eq. (9)), respectively.
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Step 12. Calculate x;(*03) and y;(¥*0-5) based on By() and K;(k*0-5),

Step 13. Construct the 2 x 2 Jacobian matrix based on x;(¥*-5) and y;(k+0.5),

Step 14. Perform one Newton'’s iteration step to obtain By(¢*1) and T(k*1),

Step 15. Calculate f, = |T**1D) — ()| where i=1, 2, .. ., k, to check for temperature oscillation. Continue to step 16 if f, is greater than &,;
&0 =min;(|TH — TUD))/C, where i=1,2,...,(k—1)and C(e.g., 10%)is a constant that defines the investigation radius around T*1), Otherwise,
temperature is considered to be oscillating. Then, go to step 9 with By()=0.5 and x;() = y;(K) = z; only for the first time the oscillation is
detected.

Step 16. Update K values; In K;¥*1) = In K;(®) + (0In K;/9T)(®)(T+1) — T(K)), Go to step 8 after increasing the iteration-step number by one;
k=k+1.

In steps 5 and 10, phase compressibility factors are selected so that the resulting Gibbs free energy is minimized among the possible
root selections [54]. As in Section 2.2.1, this conventional root selection is not used when step 15 detects temperature oscillation. For such
a case, the procedure of Michelsen [21] described before is followed. The maximum compressibility factor is chosen for the V phase and
the minimum for the L phase in step 10 of the subsequent iterations.

3. Analysis of enthalpy sensitivity to temperature

As explained in Section 1, Michelsen [21] and Agarwal et al. [24] reported that their DS algorithms have convergence difficulties when
narrow-boiling behavior is involved. A fluid with the narrow-boiling behavior exhibits a significant sensitivity of enthalpy to temperature
[21,24]. This section investigates fundamental reasons for the narrow-boiling behavior and its effects on PH flash using the DS algorithm.

3.1. Analytical expression of the total enthalpy

It is important to use temperature and enthalpy of a dimensionless form in PH flash since their magnitudes can significantly affect the
condition number of the Jacobian matrix as will be discussed in Section 4. Thus,

TD:T/Tref (13)
HDj:Hj/Hspeca (14)

where Ty is the dimensionless temperature, and Hp; is the dimensionless molar enthalpy of phase j. T, is some reference value to make

temperature better scaled in PH flash. For example, T;f can be a temperature near the original reservoir temperature in thermal oil recovery

processes (e.g.,300 K). Note that some of the prior PH-flash algorithms in the literature did not use dimensionless temperature and enthalpy.
The dimensionless total molar enthalpy (Hpt) of Np phases is

Np Np
Hb = BHoj= ) BHE" +HEP). (15)
j=1 j=1

The molar phase enthalpy (Hp;) can be calculated as the summation of the molar ideal-gas-mixture enthalpy (I;I}%M) and the molar enthalpy

departure (Hdep) The dimensionless molar enthalpy of phase j as an ideal gas mixture, HEM, i
Nc
H{%M :IZI}GM/IZIspec = injlﬁc/[jspeo (16)

i=1

H;'C is the molar ideal-gas enthalpy for component i and calculated using the following fourth-order polynomial correlation [1,55,56]:

HI® = CO(T — To) + CO(T? = T3)/2 + CO5(T3 — T3)/3 + CO,(T* — T3 /4, (17)
0 0 0 : ; ;
where me Cpoiv Cosio and Cpy; are coefficients for component i, and Ty is 273.15K.

The dimensionless molar enthalpy departure for phase j is
WAy Zi +(14+v2)By;)
dep ) Zj + (1 + vV2)By)) u
Hp" = { KRT -7 +RTAm]) /ZIBm]} [z- (= V2)By) +RT(Z; — 1) p /Hspec (18)

on the basis of the PR EoS. The expressions for Am], Brj, Z;, and 0Ap;;/OT are given in Appendix A.
Now, the sensitivity of Hp' to Tp is analyzed using Eq (15),

OHL, 8/3] OHp,
ary = 2, ™ ZaT B (19)
Jj=

The partial derivative of Hp; with respect to Tp can be calculated as follows:
BI:ID] ZBHD] 8H BXU 8,8] aT
Eny

9, 9x; 9B, 0T 3o (20)

where 0Hp;/0H; = 1/Hspec and 0T/0Tp = Tyer. Appendix A presents the analytical expressions for 0H;/0x;; and dx;;/d;, and the final expression
of Eq. (19) for a general Nc-component Np-phase system.
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Table 1

Properties for the methane (C; ) and n-butane (C4) mixture used for case 1.
Component Mole fraction Tc, K Pc, bar 10} Cp1°, J/(mol K) Cp2?, J/(mol K?) Cp3?, J/(mol K3) Cp4?, J/(mol K*)
(@ 0.99 190.60 46.00 0.008 19.250 5212 x 1072 1.197 x 103 -1.132x10°8
Cy 0.01 425.20 38.00 0.193 9.487 3.313x 107! ~1.108 x 104 —2.822x 1077

Binary interaction parameters are all zero.

Critical temperature: 197.57 K.

Critical pressure: 53.05 bar.

Two-phase temperature region at P=50.00 bar: [194.98, 228.20] K.

An important result is obtained for two phases. The partial derivative of Hp' with respect to Tp can be rewritten as

¢ 2
il —oz](TD)(gl;‘)') +aa(To) g + es(To), 1)

where a1(Tp), 2(Tp), and a3(Tp ) are terms dependent on Tp. Appendix A presents the detailed analytical expressions for Eq. (21), including
those for a1, o, and as. Eq. (21) is useful in analyzing the sensitivity of Hp' with respect to Tp based only on the four terms, o1, a3, o3,
and 0By/0Tp. Particularly, d8y/0Tp helps understand the physical meaning of narrow-boiling, where the amount of the V phase (i.e., By)
rapidly increases with a small change in temperature (Tp). That is, a narrow-boiling system exhibits a large value for |08y/0Tp| as will be
presented later. Unfortunately, a similar expression of Eq. (20) has not been found for a general Np-phase system.

3.2. Gibbs free energy analysis

The previous section presents the analytical expression of the sensitivity of Hp® to Tp in terms of dB8y/0Tp. By definition, however,
0Bv/0Tp is zero in the Jacobian matrix in the DS algorithms. This subsection gives another analysis of the narrow-boiling behavior through
the Gibbs free energy in composition-temperature space.

Phase equilibrium predictions at Tand P are determined by the geometric properties of the single-phase Gibbs free energy (i.e., the Gibbs
free energy assuming a single phase even in multiphase regions) in composition space. PT flash calculation, or minimization of the Gibbs
free energy, is to correct the non-convex portion of the single-phase Gibbs free energy that contains the specified overall composition. The
single-phase Gibbs free energy change on mixing in a dimensionless form (A;;G/RT) is calculated as

Nc

AmG/RT =) “xillng(T, P, x)—Ing(T, P)], (22)
i=1
where ¢;(T, P, x) is the fugacity coefficient of component i in a mixture, and ¢;(T, P) is the fugacity coefficient of component i as a pure
component.

If By is sensitive to Tp for a fixed overall composition and pressure, the Gibbs free energy should behave in such a way that at least
one of the equilibrium phase compositions drastically changes with a small change in temperature. This is illustrated in a simple example
(case 1) given below.

Case 1 uses a binary mixture of 99.00% methane (C;) and 1.00% n-butane (C4), for which properties are given in Table 1. Fig. 1 shows the
phase envelope in P-T space, where the critical point is calculated to be 197.57 K and 53.05 bar. The contour lines for By in Fig. 1a indicate
that the sensitivity of By to T varies in the two-phase region. The contour lines are significantly dense near the bubble-point curve. PH flash
is challenging near the bubble-point at 50 bar since it presents narrow-boiling behavior and is close to the critical point. Fig. 1b shows the
magnified P-T diagram near the critical point. At 50 bar, two phases exist from 194.98 K to 228.20K, and By increases from 0.00 to more
than 0.90 with a temperature increase of 2.00K from the bubble-point temperature 194.98 K. Fig. 2 shows that Ht and By at 50 bar are
sensitive to temperature near the bubble point. The dBy/dTp can be higher than 70, where Tp is calculated using Eq. (13) with T,es=300K.

Fig. 3 presents the Gibbs free energy surfaces (Eq. (22)) in composition space at two different temperatures, T; =195.00K and
T, =201.00K, at 50.00 bar. As can be seen from Fig. 1, T; and T, are in the two-phase region, but T; is close to the bubble-point tem-
perature. In Fig. 3, equilibrium phases are indicated as follows: the filled circle for the V phase at Ty, the hollow circle for the V phase at
T, the filled square for the L phase at T, and the hollow square for the L phase at T,. At T;, the two phases are present near the C; edge in
composition space. Details of the Gibbs free energy surfaces near the C; edge are shown in Fig. 3b.

As temperature increases from T; to T, (T, — T; =6.00K), the composition and the Gibbs free energy of the L phase drastically change.
However, this does not occur for the V phase. At T;, the total A,;,G/RT is —2.065 x 102, where the C; concentration is 98.96% for the L
phase and 99.61% for the V phase. The Gibbs free energy values are —2.141 x 10~2 for the L phase and —9.549 x 103 for the V phase. At T,
the total A, G/RT is —1.435 x 102, where the C; concentration is 80.26% for the L phase and 99.64% for the V phase. The Gibbs free energy
values are —2.209 x 10~! for the L phase and —7.280 x 103 for the V phase. The L phase composition moves away from the fixed overall
composition while the V phase composition changes only slightly. As a result, Sy exhibits a drastic change from 0.0644 at T; to 0.9669 at T,.

Fig. 4 shows the significant non-linearity of the phase compositions with respect to temperature. The derivatives of Inxc4 and Inycy
with respect to Tp are close to zero for temperatures above 205K in the two-phase region. However, they rapidly increase as the bubble-
point temperature is approached. A similar level of non-linearity is observed for the fugacity coefficients since they are thermodynamic
properties dependent on the phase composition.

Case 1 has demonstrated that the sensitivity of a phase composition causes the sensitivity of thermodynamic quantities and their
associated parameters (e.g., By) to temperature for a fixed pressure and overall composition in a two-phase region. Then, the sensitivity of
By to temperature causes Hp' to be sensitive to temperature as discussed above with Fig. 2. This can be also confirmed using Eq. (21). Fig. 5
shows the values for o1, o3, and o3 in Eq. (21) for case 1 between 194.98 K and 228.20 K. The «; values are positive near zero. Therefore,
the first term of Eq. (21), which is also positive as shown in Fig. 6, does not adversely affect the sensitivity of Hpt. Fig. 5 indicates that the
second and third terms cause Hp! to rapidly increase with temperature near the bubble point. Fig. 6 shows that the three terms exhibit
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Fig. 1. Two-phase envelope in P-T space for a mixture of 99% C; and 1% C4 (case 1). The properties used for the components are given in Table 1. The critical point is calculated
to be 197.57 K and 53.05 bar with the PR EoS. (a) The By contour lines are significantly dense near the bubble-point curve. The solution temperature (195.65 K) for an example
PH calculation at P=50bar and Hspec = —6500]/mol exists in the vicinity of the bubble-point curve. (b) Magnified PT diagram near the critical point shows that the solution
for the example calculation exists in the region of narrow-boiling behavior.

significant non-linearities with respect to temperature. The large positive values of dBy/0Tp are multiplied by negative o values for the
second term of Eq. (21). The a3 values are sensitive near the bubble-point temperature, but 08y/dTp is not multiplied by a3 for the third
term. The dBy/0Tp value influences the sensitivity of Hp' to temperature mainly through the second term of Eq. (21) in this case.

3.3. Near degeneracy of the system of equations

The previous section showed that the narrow-boiling behavior occurs when at least one of the two phase compositions is sensitive to
temperature, causing By to be sensitive to temperature. This subsection discusses the effects of narrow-boiling behavior on the condition
number of the Jacobian matrix in the DS algorithms, which significantly affects the computational robustness.
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Fig. 2. The total molar enthalpy and the sensitivity of By to temperature at 50 bar for a mixture of 99% C; and 1% C4 (case 1). The properties used for the components are
given in Table 1. Two phases are present from 194.98 K to 228.20 K. The total molar enthalpy and By at 50 bar are sensitive to temperature near the bubble point. The 98y /dTp
can be higher than 70, where Ty is calculated using Eq. (13) with Tyer of 300 K.
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Fig. 3. (a) Gibbs free energy surfaces in binary composition space (case 1) at 50 bar at two different temperatures T; =195K and T, =201 K. The properties used for the
components are given in Table 1. (b) Magnified Gibbs free energy surfaces near the C; edge of composition space. As temperature increases from T; to T, the L phase
composition drastically changes. Sy changes from 0.0644 at T; to 0.9669 at T,.

As presented in Appendix B, the Jacobian matrix for the DS algorithm contains 0ln K;/0Tp; thus, the behavior of phase compositions
affects the condition number of the Jacobian matrix. This is depicted in Fig. 7 for case 1. Fig. 7 shows that dln Kc4/0Tp substantially increases
with increasing temperature near the bubble-point temperature. This sensitive Kc4 directly affects the condition number of the Jacobian
matrix as shown in Fig. 8. All calculations in this research use the double-precision floating-point numbers, and the Jacobian matrix with a
condition number higher than 108 is considered to be ill-conditioned. The condition number of the Jacobian matrix is calculated using the
one-norm approximation in this research. In Kc4 is significantly sensitive to temperature between 194.98 K and 204.40 K, where the Jacobian
matrix is ill-conditioned. That is, narrow-boiling behavior adversely affects the robustness of the DS algorithm through the Jacobian matrix.
Kvalues during the DS solution are calculated as the fugacity-coefficient ratio, not from the definition given in Eq. (10), until its convergence.
However, the fugacity coefficients are directly related to phase compositions since they are thermodynamic properties dependent on the
phase composition. Therefore, the ill-conditioned Jacobian can occur due to sensitive phase compositions during the DS iteration.
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Fig. 4. Sensitivities of the C4 concentrations in the V and L phases to temperature at 50 bar for a mixture of 99% C; and 1% C4 (case 1). The properties used for the components
are given in Table 1.
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Fig. 6. Three terms of Eq. (21) at 50 bar for a mixture of 99% C; and 1% C4 (case 1). The properties used for the components are given in Table 1.

The Jacobian matrix becomes even more ill-conditioned if the scaling of the total enthalpy and temperature (i.e., Eqs. (13) and (14)) are
not conducted. Fig. 8 shows the condition numbers with and without scaling of the variables for case 1. It is observed that the condition
number of the Jacobian matrix with the dimensionless variables is systematically lower than that with the dimensional variables. Higham
[57] described the importance of scaling Jacobian elements in solution of a system of equations. Castier [58] used scaled independent
variables in his isochoric-isoenergetic flash algorithm.

Although Michelsen [21-23] did not fully explain how the narrow-boiling behavior affected the robustness of the DS algorithm, he
stated that the non-linearity of the enthalpy constraint in his PH flash algorithm led to a more complex solution procedure. In the DS
algorithms of Michelsen [21] and Agarwal et al. [24], strong temperature oscillations during the iteration were used as an indicator for the
narrow-boiling behavior. After detecting the temperature oscillations in a certain way, the remedy proposed was to split the oscillating
single phase into two phases of initially equal amounts and compositions. As presented in Section 2.2, solutions of a cubic EoS in this
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Fig. 7. The first-order derivative of In Kcq with respect to Tp, showing the sensitivity of Kc4 to temperature at 50 bar for a mixture of 99% C; and 1% C4 (case 1). The properties
used for the components are given in Table 1.
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is conducted using Eqgs. (13) and (14) with Hspec 0of —6500 J/mol and Ty.r of 300 K. The properties used for the components are given in Table 1.

and the subsequent iteration steps selected the lower compressibility factor for the L phase and the higher for the V phase. They found,
however, that this approach did not always improve the non-convergence issues associated with the narrow-boiling behavior [21,24]. For
example, it is not unusual that there exists only one root in solution of a cubic EoS for an oscillating single-phase system. For such a case,
K values calculated as the fugacity-coefficient ratio become unity in the next iteration step, yielding a singular Jacobian matrix.

The convergence behavior of the prior DS algorithms explained in Section 2.2 is shown for case 1 at 50 bar and Hspec of —6500 J/mol. The
solution temperature is 195.65 K, which is close to the bubble-point temperature in the two-phase region (see Fig. 1). That is, the solution
exists in the region of the narrow-boiling behavior. The initial temperature value is set to 190.00 K. The oscillation testing procedure
presented in Section 2.2 is used with the C constant of 102.

Fig. 9 shows the temperature variations during the iterations for the two DS algorithms. The temperature oscillation is identified at the
6th iteration step for the DS algorithm of Agarwal et al. [24]. A similar oscillation is observed for the DS algorithm of Michelsen [21] in
Fig. 9, but the oscillation testing procedure with the C value used does not identify it until the 22nd iteration step. Although Michelsen [21]
and Agarwal et al. [24] did not explain how to detect temperature oscillation in their papers, this case indicates that efficient and robust
identification of a temperature oscillation in their DS algorithms is not an easy task and would require some heuristic approach. The DS
algorithm of Agarwal et al. [24] results in a lower level of temperature oscillation than that of Michelsen [21] in this case. This is likely
because of the preliminary update of K values in the DS algorithm of Agarwal et al. [24], which is essentially the only difference between
the two DS algorithms.

Once a temperature oscillation is identified, the prior DS algorithms take the remedy proposed by Michelsen [21], which was discussed
in Section 2.2 and earlier in this subsection (see also Appendix C). Fig. 10 shows the compressibility factor in composition space at the
22nd iteration step for Michelsen’s DS algorithm (218.42 K), and at the 6th iteration step for Agarwal et al.’s DS algorithm (202.67 K). It is
shown that only one root exists in the cubic equation solution when the temperature oscillations are identified. This results in a singular
Jacobian matrix; thus a complete failure of the calculation. Fig. 11 clearly presents the non-convergence of the DS iterations in terms of
the enthalpy constraint (i.e., g, =0) for case 1.
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Fig. 9. Convergence behavior of the DS algorithms of Michelsen and Agarwal et al. in terms of temperature in PH flash at P=50bar and Hspec = —6500]/mol for a mixture
of 99% C; and 1% C4 (case 1). The properties used for the components are given in Table 1. The solution temperature is 195.65K for this PH calculation. The temperature
oscillation is identified at the 6th iteration step for the DS algorithm of Agarwal et al. A similar oscillation is observed for the DS algorithm of Michelsen, but the oscillation
testing procedure with the C value used does not identify it until the 22nd iteration step (see Section 2.2 for details of their DS algorithms).
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Fig. 10. Compressibility factors in composition space when temperature oscillations are detected during PH flash at P=50 bar and Hspec = —6500 J/mol for a mixture of 99% C;
and 1% C4 (case 1). The temperature oscillation occurs at the 22nd iteration step (218.42 K) for Michelsen’s DS algorithm, and at the 6th iteration step (202.67 K) for Agarwal
et al.’s DS algorithm. In either case, only one compressibility factor is present in the cubic equation solution.

4. New direct substitution algorithm

This section presents a new DS algorithm that improves the issues of the prior DS algorithms associated with the narrow-boiling
behavior. There are two main improvements made. One is that the new algorithm checks for the narrow-boiling behavior on the fly on the
basis of the condition number of the Jacobian matrix. The condition number contains direct information regarding computational accuracy.
A Jacobian matrix with a condition number greater than 10% can be safely said to be ill-conditioned when the double-precision floating-
point numbers are used [59-61]. Thus, unlike the temperature-oscillation testing used in the prior DS algorithms, the new algorithm has
no ambiguity as to how to detect the narrow-boiling behavior. Computation of the condition number for a 2 x 2 Jacobian matrix is not
expensive with the one-norm approximation, and is worth the improved robustness to be presented in Section 5.

The other main improvement is that the new DS algorithm adaptively switches between the Newton’s iteration step and bisection step
depending on the Jacobian condition number. When a Jacobian matrix is ill-conditioned, the system of equations is essentially degenerate in
the computation. Since the degeneracy issue comes from the significant sensitivity of variables to temperature, a robust bisection algorithm
solves for Tp as the primary variable. Then, PT flash is used to update other variables such as By and K values. This decoupling of Tp from
the other variables is performed only if the system of equations is degenerate. Otherwise, the original Newton’s iteration step is used.

Other minor improvements made include the use of the upper and lower temperature limits (TpY and Tp') not to have unrealistic
temperature values during the iteration, and the scaling of temperature and enthalpy (i.e., Tp and Hp). These are not new ideas. The former
was applied in the nested-loop algorithm of Agarwal et al. [24] and by Chatoorgoon [62]. The latter is common practice described in
standard textbooks in the area of numerical algorithms (e.g., Higham [57] and Overton [63]).

A step-wise description of the new DS algorithm is given below. Steps 1-14 are not shown here since they are the same as in the DS
algorithm presented in Section 2.2.2 except for the following: (i) Tp and Hp are used in place of T and H, respectively, and (ii) step 9 also
checks to see if the fugacity equations are satisfied in addition to the enthalpy constraint. Appendix C presents a flow chart of the new DS
algorithm.

Step 15. Check to see if TpL < Tp**1) < TpU. If so, continue to step 16. Otherwise, calculate Tp**1) using the Regula Falsi method. Then,
solve Eq. (11) for the vapor phase mole fraction Sy(**1) for the (k + 1)th iteration step so that |g;(k*1)| <g;. Calculate the corresponding x;(k*1)
and y;(k+1),
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Fig. 11. Convergence behavior of the DS algorithms of Michelsen and Agarwal et al. in terms of the enthalpy constraint in PH flash at P=50 bar and Hspec = —6500 J/mol for a
mixture of 99% C; and 1% C4 (case 1). The properties used for the components are given in Table 1.
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Fig. 12. Convergence behavior of the new DS algorithm in terms of temperature in PH flash at P=50bar and Hspec = —6500]/mol for a mixture of 99% C; and 1% C4 (case
1). The properties used for the components are given in Table 1. The solution temperature is 195.65K for this PH calculation. A high sensitivity of enthalpy to temperature
is detected at the 2nd iteration (197.82 K) when the condition number of the Jacobian matrix is 1.68 x 107. The new DS algorithm successfully suppresses the temperature
oscillation early in the iterative solution.

Step 16. Calculate the residual of the enthalpy constraint (g,(¥*1)) and the fugacity equations (f; given in Eq. (9)). If |g,(**D| <&, and
Ifik* )| < g (e.g., e,=10"10) fori=1, 2, ..., N¢, stop. Otherwise, continue to step 17.

Step 17. Calculate the condition number of the Jacobian matrix. If it is greater than 10, go to step 19. Otherwise, continue to step 18.

Step 18. Update K values; InK;(¥*1) =1n K;(® + (9In K;/0Tp ) (Tpk*1) — Tp(k)). Go to step 8 after increasing the iteration step number by
one; k=k+1.

Step 19-1. t; =min{Tp®), Tp**D} and ty = max{TpK), Tpk+1)},

Step 19-2. Tp**2) =0.5(t; +ty).

Step 19-3. Perform PT flash at Tp**2) to calculate By(**?), x;(k*2), and y;(k*2) such that f(**?)| <gffori=1,2, ..., Nc and |g;**2)| <ey.

Step 19-4. Calculate the condition number of the Jacobian matrix. If it is greater than 108, continue to step 19-5. Otherwise, go to step 9.

Step 19-5. Calculate the residual of the enthalpy constraint (g,*2). If |g,(¥*2)| is less than the tolerance ¢,, stop. Otherwise, t; = Tp(k*2)
for g,(k*2) <0, and ty = Tp¥*2) for g,(¥*2) > 0. Then, go to step 19-2 after increasing the iteration step number by one; k=k+1.

The stopping criterion in the new DS algorithm is that |g;| < &, and |fj| <effori=1, 2, ..., Nc be satisfied simultaneously. This is in contrast
to the prior DS algorithms, where only g5 is checked [21,24].

5. Case studies

This section shows applications of the new DS algorithm to two mixtures; one is a binary and the other is a six-component mixture.
For each mixture, the new DS algorithm is tested for many PH conditions in the two-phase region, part of which exhibits narrow-boiling
behavior.

5.1. Case 1

This case was used to explain the narrow-boiling behavior in Section 3. The properties of this binary mixture were presented in Table 1.
The prior DS algorithms exhibited non-convergence when applied to this case as shown in Figs. 9 and 11. The specified pressure and
enthalpy were 50.00 bar and —6500.00J/mol, which resulted in the solution temperature of 195.65K. The initial temperature used was
190.00K.

In this subsection, the new DS algorithm is used to solve case 1 with Tyer=300.00K, T- = 150.00 K, TY =450.00K, and &1 =&, =g;=10"19,
The solution temperature is in the region of the narrow-boiling behavior (see Fig. 1). Newton’'s iteration step is switched to the bisection
algorithm at the second iteration step, when the temperature is 197.82 K and the condition number is 1.68 x 107. The bisection algorithm
is used from this iteration step on until the final convergence is achieved at the 33th iteration step. Figs. 12 and 13 present the variations
of temperature and g, during the iteration. It is observed that the new DS algorithm successfully suppresses the temperature oscillation
early in the iterative solution. Unlike the prior DS algorithms, it is not necessary to numerically observe that the temperature oscillates in
a regular manner. The bisection algorithm robustly decreases the g, residual at a linear convergence rate.

Further testing of the new DS algorithm is performed for 350 discrete points in the two-phase region in the PH diagram given in Fig. 14.
The critical point is 53.05 bar and —6794.42]/mol in this figure. The contour lines are shown for By of 0.0, 0.2, 0.5, 0.8, and 1.0. These
calculations use the same initial temperature of 190.00 K. The algorithm tends to take more iteration steps for the PH specifications in
the region of the narrow-boiling behavior (i.e., the region where the By contour lines are dense in Fig. 14). However, all the 350 PH-flash
calculations successfully converge to the correct solutions. Fig. 15 presents that the number of iterations required is correlated to the
Jacobian condition number at the converged solution. More than 25 iteration steps are required for the PH specifications at which the
condition number of the Jacobian matrix is greater than 106.
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Fig. 13. Convergence behavior of the new DS algorithm in terms of the enthalpy constraint in PH flash at P=50bar and Hspec = —6500]/mol for a mixture of 99% C; and 1%
Cy4 (case 1). The properties used for the components are given in Table 1. The new DS algorithm successfully suppresses the temperature oscillation early in the iterative
solution. The bisection algorithm robustly decreases the residual for the enthalpy constraint at a linear convergence rate.
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Fig. 14. The two-phase envelope in P-H space for a mixture of 99% C; and 1% C4 (case 1). The properties used for the components are given in Table 1. The critical point is
calculated to be 53.05 bar and —6794.42 J/mol with the PR EoS. The contour lines are shown for By of 0.0, 0.2, 0.5, 0.8, and 1.0.

5.2. Case2

Case 2 uses six components consisting of 80.0% carbon dioxide (CO,), 6.6% methane (C;), 2.2% propane (C3), 2.2% n-pentane (Cs), 2.2%
n-octane (Cg), and 6.8% n-dodecane (Cy;). The properties of this mixture are given in Table 2. The critical point is calculated to be 382.58 K
and 189.87 bar using the PR EoS. Fig. 16 presents a few contour lines for By in P-T space. As in case 1, the contour lines are dense near the
bubble-point curve, where a small change in temperature causes a significant change in fy. Fig. 16b shows a magnified view for pressures
between 75 bar and 200 bar and temperatures between 300 K and 390 K.
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Fig. 15. The number of iterations required for 350 different PH flash calculations in the two-phase region (Fig. 14) is correlated to the condition number of the Jacobian
matrix at the converged solution. All the calculations converged to the correct solutions with the new DS algorithm.
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Properties for the six-component mixture used for case 2.

Cp4®, J/(mol K*)

Component Mole fraction Tc, K Pc, bar 19} Cp1©, J/(mol K) Cp2°, J/(mol K2) Cp3%, J/(mol K3)
CO; 0.800 304.20 73.76 0.225 19.795 7.343 x 1072 —5.602 x 107> 1.715x 1078
G 0.066 190.60 46.00 0.008 19.250 5212 %1072 1.197 x 10— -1.132x10°8
C3 0.022 369.80 42.46 0.152 —4.224 3.063 x 10! —-1.586 x 10~* 3.215x 1078
Cs 0.022 469.60 33.74 0.251 —3.626 4.873 x 107! —2.580 x 104 5.305 x 10-8
Cs 0.022 568.80 24.82 0.394 —6.096 7.712 x 1071 —4.195x 104 8.855x 108
Ci2 0.068 658.30 18.24 0.562 -9.328 1.149 —6.347 x 104 1.359 x 1077
Binary interaction parameters:

COZ C] C3 C5 CS CIZ
CO, 0.0000 0.1200 0.1200 0.1200 0.1000 0.1000
G 0.1200 0.0000 0.0000 0.0000 0.0496 0.0000
Cs 0.1200 0.0000 0.0000 0.0000 0.0000 0.0000
Cs 0.1200 0.0000 0.0000 0.0000 0.0000 0.0000
Cs 0.1000 0.0496 0.0000 0.0000 0.0000 0.0000
Ciz 0.1000 0.0000 0.0000 0.0000 0.0000 0.0000

Critical temperature: 382.58 K.
Critical pressure: 189.87 bar.
Two-phase temperature region at P=77.50 bar: [301.27, 518.79] K.

Fig. 17 shows H' and dBy/0Tp from 250K to 550K at 77.50 bar. The temperature is scaled using Eq. (13) with T,er of 300 K. Two phases
are present between 301.27 K and 518.79 K at this pressure. The sensitivities of H* and Sy are observed near the bubble-point temperature.
The three terms of Eq. (21) that form dHp!/dTp in the two-phase region at 77.50 bar were calculated for case 2. Results showed that, as in
case 1, the second term exhibits the most significant non-linearity in temperature space, and drastically increases with a small change in
temperature near the bubble point.

The concentrations of components in the L and V phases are sensitive to temperature from the bubble point to 325 K. The condition
number of the Jacobian matrix of the DS algorithm becomes significantly large in this temperature range. Fig. 18 shows the Jacobian
condition numbers with and without scaling of the variables in the two-phase region at 77.50 bar for case 2. The scaling of temperature
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Fig. 16. Two-phase envelope in P-T space for the six-component mixture given in Table 2 (case 2). The critical point is calculated to be 382.58 K and 189.87 bar with the
PR EoS. (a) The By contour lines are significantly dense near the bubble-point curve. The solution temperature (303.35K) for an example PH calculation at P=77.50 bar and
Hspec =—11,000]/mol exists in the vicinity of the bubble-point curve. (b) PT diagram for pressures between 75 bar and 200 bar and temperatures between 300K and 390K.
The solution for the example calculation exists in the region of narrow-boiling behavior.
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Fig. 17. The total molar enthalpy and the sensitivity of By to temperature at 77.50 bar for the six-component mixture given in Table 2 (case 2). Two phases are present from

301.27K to 518.79K. H' and By are sensitive to temperature near the bubble point temperature at 77.50 bar.
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Fig. 18. The condition numbers of the Jacobian matrices with and without scaling of temperature and enthalpy at 77.50 bar for the six-component mixture given in Table 2
(case 2). The scaling is conducted using Eqgs. (13) and (14) with Hspec of —11,000]/mol and Tyf of 300 K. The Jacobian matrix is ill-conditioned in the entire two-phase region

without scaling.

and enthalpy is conducted using Eq. (13) and (14) with Tif of 300K and Hspec of —11,000 J/mol. Without scaling, the Jacobian matrix is
ill-conditioned in the entire two-phase region.

A PH flash calculation at 77.50 bar and —11,000 J/mol is considered for this six-component fluid. The solution temperature is 303.35 K.
The initial temperature is set to 425.00 K. Fig. 19 shows the variations of the residual of the enthalpy constraint (|g;|) for the DS algorithms
of Michelsen [21] and Agarwal et al. [24]. The temperature oscillation is identified using the approach described in Section 2 with the C
constant of 102. The temperature oscillation is identified at the fifth iteration (308.63 K) using Michelsen’s algorithm, and at the fourth

1.0E+01

Residual of enthalpy constraint

1.0E+00

1.0E-01

4 DS algorithm of Michelsen

o DS algorithm of Agarwal et al.

[u} o
A A
2 ! :
2 3 4
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Fig. 19. Convergence behavior of the DS algorithms of Michelsen and Agarwal et al. in terms of the enthalpy constraint in PH flash at 77.50 bar and Hgpec = —11,000 J/mol for
the six-component mixture given in Table 2 (case 2). The temperature oscillation is identified at the 5th iteration (308.63 K) using Michelsen’s algorithm, and at 4th iteration
(342.55K) using Agarwal et al.’s algorithm. The temperatures are still away from the solution temperature 303.35K. The two algorithms terminate their calculation here

since there is only one root in solution of a cubic EoS.
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Fig. 20. Convergence behavior of the new DS algorithm in terms of the enthalpy constraint in PH flash at 77.50 bar and Hspec = —11,000 J/mol for the six-component mixture
given in Table 2 (case 2). The Jacobian condition number exceeds 106 at the 4th iteration step, where the bisection algorithm robustly solves for Tp based solely on the

enthalpy constraint.
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Fig. 21. Convergence behavior of the new DS algorithm in terms of temperature in PH flash at 77.50 bar and Hspec = —11,000 J/mol for the six-component mixture given in
Table 2 (case 2). The solution temperature is 303.35 K for this PH calculation. A high sensitivity of enthalpy to temperature is detected at the 4th iteration when the condition

number of the Jacobian matrix exceeds 10°.

iteration (342.55K) using Agarwal et al.’s algorithm. The temperatures are still away from the solution temperature 303.35K. The two
algorithms terminate their calculation here since there is only one root in solution of the cubic EoS. No procedure was given by Michelsen
[21] and Agarwal et al. [24] for such a case. Note that these prior DS algorithms do not use the scaled temperature and enthalpy, and their
Jacobian matrix is ill-conditioned as shown in Fig. 18.

The new DS algorithm exhibits an improved convergence behavior for this PH flash problem. T- and TV are 150.00K and 450.00K,
respectively, and &1 =& =&¢=10"10, Figs. 20 and 21 show the residual of the enthalpy constraint and temperature until the convergence
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Fig. 22. The two-phase envelope in P-H space for the six-component mixture given in Table 2 (case 2). The critical point is calculated to be 189.87 bar and —2947.69 J/mol
with the PR EoS. The contour lines are dense near the bubble-point curve.
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Fig. 23. The number of iterations required for 350 different PH flash calculations in the two-phase region (Fig. 22) is correlated to the condition number of the Jacobian
matrix at the converged solution. All the calculations converged to the correct solutions with the new DS algorithm.

is achieved at the 32nd iteration step. The Jacobian condition number exceeds 10® from the 4th iteration step on, where the bisection
algorithm robustly solves for Tp based solely on the enthalpy constraint.

Fig. 22 shows the two-phase envelope in P-H space for the six-component fluid. The By contour lines are dense near the bubble-point
curve, where PH flash calculations are more difficult due to the narrow-boiling behavior. The critical point is 189.87 bar and —2947.69 J/mol
in this figure. The new DS algorithm is tested for 350 discrete P-H conditions in the two-phase region, where the initial temperature is
fixed at 425.00 K. All the calculations successfully converge to the correct solutions. Fig. 23 shows that the number of iterations required
is well correlated to the condition number of the Jacobian matrix at the convergence.

6. Conclusions

A detailed analysis was presented for narrow-boiling behavior and its effects on the direct substitution (DS) isenthalpic flash for two
phases. A new DS algorithm was then developed based on the analysis. No convergence issue has been observed for two-phase isenthalpic
flash using the new DS algorithm. Conclusions are as follows:

1. Narrow-boiling behavior is characterized by the enthalpy behavior that is substantially sensitive to temperature. The total enthalpy
for a fixed overall composition and pressure becomes sensitive to temperature when at least one of the phase compositions drastically
changes with a small change in temperature so that the phase mole fractions significantly change. The mechanistic understanding of
the narrow-boiling behavior was presented using the Gibbs free energy surfaces in binary composition space at different temperatures.

2. The prior DS algorithms have convergence issues when narrow-boiling behavior is involved. The fundamental reason is that the system
of equations solved in the algorithms becomes degenerate for narrow-boiling fluids. The prior DS algorithms use temperature oscillation
as an indicator for narrow-boiling fluids. However, temperature oscillation in these algorithms is a consequence of, not the reason for,
the narrow-boiling behavior. That is, it is not a good indicator that improves the robustness.

3. The Jacobian condition number offers an unambiguous criterion regarding the computational accuracy and robustness in the DS algo-
rithm. Computation of the condition number is inexpensive with the one-norm approximation. It is worth the improved robustness.

4. The new DS algorithm developed in this research adaptively switches between Newton'’s iteration step and the bisection algorithm
depending on the Jacobian condition number. The bisection algorithm solves for temperature based solely on the enthalpy constraint
when narrow-boiling behavior is identified by a large condition number of the Jacobian matrix. This decoupling of temperature from
the other variables is plausible when the system of equations is degenerate.

5. The scaling of temperature and enthalpy can improve the condition number of the Jacobian matrix in the DS algorithms.

6. The new DS algorithm was tested for a binary and six-component fluid which exhibit narrow-boiling behavior. There was no convergence
issue observed for 350 different PH flash calculations for the binary fluid, and 350 different PH flash calculations for the six-component
fluid. The number of iterations required tends to increase as the condition number of the Jacobian matrix increases at the converged
solution.
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Appendix A. Peng-Robinson equation of state and related derivatives

Appendix A.1. Peng-Robinson equation of state

The Peng-Robinson equation of state (PR EoS) is
P =RT/(V - b)—a/[V(V +Db)+b(V - b)], (A-1)
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wherea = 0.45724(R*T2/Pc)e, b =0.07780RTc/Pc, %% =1+k[1—(T/Tc)*®], « =0.37464 + 1.542260
—0.26992w? forw < 0.49, K = 0.379642 + 1.48503w — 0.164423w? + 0.016666w3 for w>0.49.

The attraction (a) and covolume (b) parameters in a dimensionless form are A =aP/(RT)? and B=bP|RT.
The van der Waals mixing rules are used for the A and B parameters for a mixture. That is,

Nc  Nc

Am = ZZXiXkAik (A'Z)

i=1 k=1
Nc

Bm=) xiBi, (A-3)
i=1

where Aj, = (AiAr)%>(1 — ky,). ki is the binary interaction parameter between components i and k.
The fugacity coefficient of component i in phase j is

N
; Api 2570 XA , Zi 4+ (1++/2)Bpy;
In g = i(zj —1) = In(Zj — Bypj) — — 2 X B In {M} ) (A-4)
B 2V2By; A mj Zi+(1-V2)By
The compressibility factor for phase j, Z;, is calculated from the EoS;
Z} +(B—1)Z2 + (A —3B> - 2B)Z; + (B* + B* — AB) = 0. (A-5)
The derivatives of various parameters in the PR EoS with respect to Tp are given below.
aa;
ﬁ = —0.45724R*TL k(1 + kil 1 — (T/Ti)*> WTrer/ (PGiV'T) (A-6)
WMy e ) 2
i _ a a
aTn;J = ZZO-SXU"kj(ain) 0> < 3Tk +ag aTl) (1 = Kik ) Tref (A-7)
i=1 k=1
8Amj P Bamj
-y -m_ T A-
aTp |:(RT)2 T m]/ Trer (A-8)
OB
o = “BmTrer/T (A-9)
3z, (9A;/IT)(Bimj — Zj) + (9Bynj/ 0T [Amj — 2By — 3B§nj +2(3Bp + 1)Z; — zjz] . (A10)
0 ¢ -
9Tp 32} —2Zj(1 - Byy) + (Amj — 3B2,; — 2Byy) re
2 VT 1+k[1=T/T)*?]
S = —0.45724 (R*T} ki /Pci) T2 { 2’T2 - ! 2T1~5/ a (A-11)
D Gi
Nc N,
Pap; 2 “ -15 3ak da;
072 = Tl-efzz_xijxkj(aiak) 0j = + 0k 8T' ( — kix)
i=1 k=1
e & day, da d%a 9%q;
2 -0.5 k 0d; k
+TrekaZo.5xﬁx,q(aiak) (zaTaT' + i+ Gy ) (1 — k) (A-12)
i=1 k=1
82Amj _ 2 —-2P 8(1m] P azamj B 2[T(8Am]/8T) —Am]] (A-13)
a2 T\ R2T3 9T T (RT)2 OT2 T2

Appendix A.2. Derivatives of enthalpy

The partial derivative of H; with respect to x;; in Eq. (20) is

oH; 1 9%A 0Am; 0Amj 0B i Zi+ (14 v2)By;
o~ (R L+ RT—2 | By —  RT2—2 U L RTA,; | = | p [ TY 2
Oxij 2&32mj K OTox; Oxij oT mj Oxij Zi+(1 - v2)By;

A [Z/(Byi/O%i5) — Bumi(9Z:/ 3;:)] 3z, OHM
RT2—™ 4 RTA,;; | /Bmi kil L L Tt RT [ =2 -1 J A-14
K i ]> / J] 1Z+ (14 V2BuliZ + (1 — V2B (8le ) ox; (A-14)




D. Zhu, R. Okuno / Fluid Phase Equilibria 379 (2014) 26-51 45

where
aij _ iBbm] o
axij - RT BXU- -

Nc
8Amj P aamj
= = 2X;:A;
8x,j (RT)2 8x,-j Z ik

32 (9Amy/Ox5)(Binj — Z;) + (8Byj/ 0%y | Amj — 2Bnj — 3B + 2(3By; + 1)Z; — Z7]
Oxij 32} — 2Z{(1  Byj) + (Amj — 3B%; — 2Bymj)

azAmj P azam]- 2 8Am]

oTox; — (RT)? OTox; T o

020y, ox;j 0A; 2
2( RT —A;i + A~ P.
T Z [ ar £l /
Phase composition x;; is calculated as follows:
XU = I(“Z,'/ti, (A-]S)
wheret; =1+ ZNP lﬂj ij—1)fori=1,2, ..., Nc. The partial derivative of x; with respect to §; in Eq. (20) is
0x;j
8,3 —Kyzi(Kyj — 1)/t2. (A-16)

The partial derivative of x;; with respect to Tin Eq. (A-14) is

Np-1
aXij

, 9
57 = laTJt z ,JZ [ Bk ,3] - } /2. (A-17)

The partial derivative of Hp; with respect to Tp can be obtained by substituting Egs. (A-14) and (A-16) into Eq. (20). Consequently, the
sensitivity of Hp to Tp can be expressed as

aHD 1+v2)B mj KijziRTz Np—1 Ne 2z;A;(1 — k;i) BK 1 Np Tret 8131
L Ki: —1)8: + H; =
aTD Z Z |:Z + (1 _ \/’) - 2\/§ijti2 =1 ( y )/3] Zi:] tiz :3] oT Z -] I:Ispec oT

spec j=1

Z Z Z] +(1+~2)Bp; | —K;jziRT? ZNP 1 Ky — 1B ZNC 2zA,(1 _kﬁ)%
Z,- +(1 = V2)Byj | 2v/2Byt? i=1 t? oT
Ne 0A;  2A; Teet 0B (1++2)B —K;jziRT ~—Ne—1
Ixi(1 — k) [ 2280 20 ref 71 mj L K — 1)B:
+Zi:1 X <")<8T T )] Hgpec T Z Z [Z +(1—V2)Bp Z«fBz tzz (Kj — 1)B;
aAmJ aAmj 0B mj Tref 3ﬂ ') 8Amj aij aZ]
: {ij aXU (T T +Amj axij Hspec ar Zl 12} 1 Amj ZJ axij _BmJWU

—RTK;z; Np-1 Tref 8/3] Np —Kj; Z,RT Np-1 n '
t ij[Z +(1+f) m_]][Z +(1_\/j)ij]Zj=] ( )'BJHspec oT Z Z 4 Zj=1 (Klj ])ﬁj

0Z; Teor 0B Ne —KjiziH Np—l (1++2)B
x T _1q ref J l] (e -1 Tref “Fy mj
<axij Hspec T Z ZJ i ZJ':1 i = 1hi Hspec Z Z Z +(1 - \F)Bm]
KUZIRT Ne—1 Ne 2z;Ai(1 — ki) Tret (9B
Kii — 1)B; — (K — 1 . A-18
* 2V2Bt? 2Byt ( i~ Db {Zm 2 (K —1) Hgpec \ OT ( )

In the conventional two-phase notation for oleic (L) and gaseous (V) phases, the L phase is the reference phase in Eq. (A-18); thus, for a
two-phase system, the sensitivity of Hp' to Tp can be expressed as follows:

t 2
o =a1(TD)(g’§;> +an(Tp) (gﬁ >+a3(TD) (A-19)
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Nc
where o;(Tp) = Z Zy+(1+ I)Bmv RTZKI‘Z,‘(KI‘ - 1)8y Z 2ZAi(1 — ki) (K — 1) Trer
Zy + (] - I)Bmv ZﬁBthiz tiz Ijspec

=1 i=1

Nc¢
Z |:ZL +(1+ I)BmL:| RT?z(K; — 1),3V222iAi(1 — ki )(Ki = 1) Trer

Zi+(1 =v2)BmL 2v2Bpt? t? Hgpec

=1 i=1

Nc
T T 7 +(1+\/E)B \V; —K'Z'RTZ(I('_l)ﬂV
a(Tp) = Hy =" — gy 0 N n |2V - EWT N
2(To) = Hy L Z Zy+(1 = v2)Bmy 2v2Byyt?

Jspec Jspec .
i=1

Nc
221 1(1 - kn) 3K i 2Ai Tref ZL+ (1 + \/j)BmL
X [Ztl Zz 1(1 kn) ( T )‘| - ;ln |:ZL n (1 ~ ﬁ)BmL:|

H spec
i=1

—ZiRT?(K; — 1)By i Tref Zy +(1+v2)Bny | —KiziRT(K; — 1)By
X 2x;(1 = k;;) = +
2[BmLt2 lz: ' i spec Z Zy + 1 - «/j)Bmv 2\/§Bzmvti2

N,
g (9 ) O] Tt _im Zu+(1+ V2B | —zRT(K; = 1)y
dy; ar "™ ) dy; Zi+(1-v2)Bu| 2v2B2 12

mL"i

x [Bmv

N¢

AL AL Bt | T Amy 3By azy

x [BmL o —(TaT +AmL> o Hspec+z T5r Ay ) 20 =0 Byt
i=1

Nc

—RTKizi(Ki = 1)Bv Trer 0AmL 0BmL 0z,

X - T +A Z —BmL
tizBm\/[Z\/ +(14+v2)Bmy][Zy + (1 — v/2)Bmy] Hspec lz_; or m b 0x; mt ox;

spec

« —RTz(K; — 1)Bv Tret + Z KZIRT(K ~1)By % -1 Trer
tizBm]_[Z]_ +(1+ ﬁ)BmL][Z]_ +(1- «/j)BmL] Hspec _—" t; ayi Hspec

Nc
—zZiRT 0z, Tref _Kizilj ref —zi; Trer
—Z (Ki — D)py ( ) B4y g K- Dy =Y (K= D

spec spec
7 P i1 i P -1

Zy+(1-v2Bav|  2V2Bwt! | t,? o T | Hspec

T2y + (1 + 2By | KzRT2(K; — 1)By | = 22,41 K| 1
a3(Tp) = Zln |: v+(1+ mV:| iZi i— \ lz ZiAi(1 — ]
i=1

Zi+(1-V2Bn|  2V2Buit? a2 Pt

a i spec

S [Z (14 V2B | ZRT2(K — 1)y | ~=22A(1 —ky) , ;| 1
+Zln|: L mL:| i i 3 lz i i ]

In Eq. (A-19), t;=1+(K; — 1)Bv.
Appendix A.3. Derivatives of phase mole fractions

For a Nc-component Np-phase system, phase mole fractions §; are obtained from solution of the Rachford-Rice equations;

Nc
Z(K,-j—l)zi/ti =0 forj=1,2,..., (Np—1), (A-20)
i=1

wheret; =1 + ZNI’ 1(1(,-]- —1)gjfori=1,2,..., Nc. The partial derivative of B; with respect to Tp, (38j/0Tp), can be calculated as follows:

Nc Np-1 8[3 Nc 9K Nc Np-1

Nz:(1 — K ) o'} -
D> -Ka(l - Kim) = =Y =2 2it; +ZZ Ky)zi aT 0 . (A-21)
i=1 m=1 i=1 =1 m=1

For a two-phase system, dfy/dTp is expressed as

% resz, OK; /Z (1-K;)? (A-22)
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Appendix B. Jacobian matrix
The elements of the Jacobian matrix for a Nc-component Np-phase system are
Np-1

Nc

0g; Z: dIn Kj; dln K; .

My “fzﬁ [ff’%' o~ (K= 1) E BrKi ”‘] forj=1,2,...,(Np—1)
i=1 1

Nc
0g; Z; :
%:—E é(Kij_l(Kik_l) fOI'],k:l,z,...,(Np—l)

i=1 !

N, d
agN[, 5 8x,J HI¢ S x; OHC OHL®
= fefz I\ & Hopeo T2 Hopee oT  aT
i=1

g d d
8;3: = (Hp" + Hp?) — (Hpue + Hpn,) fork=1,2,..., (Np—1),
wheret; =1+ ZNF YK Kij —1); fori=1,2,..., Nc. Pertinent derivatives are
1G
Mi* _ o +C%. T+ 12+ T3 fori=1,2,...,N,
oT P1i P2i P3i P4i =1y 4,...,INC
dep 2
OHn" 1 [ (2 (14 V2B | RT20A,;/0T + RTAy
oT Hspec Zi + 1- x/j)ij 2«/§ij
In Eq. (B-6),

aT aT? aT

A PAn
Term1 = |Byy;  3RT=2 +RT o

Term2 =

0z;
xTerm2+R(Zjl)+RTaT}

0By Anj
+RAmj) - <RT2 +RTAm])] /(2v2B)

[0Z;/0T + (1 + v/2)3Byy/OT[Zj + (1 — v/2)Byyj] — [0Z;/0T + (1 — v/2)3Byy/IT1[Z; + (1 + ~2)B m,]

(Z + (1 + V2)Byl[Zj + (1 — V2)By]

0Aj/OT, 0By,j/ OT, 32Ap;/0T2, and 0Z;/OT can be found in Appendix A.
For a two-phase system, Newton’s iteration used in the DS algorithms can be written as

g1 31
9By 0Tp Apv) (&
98 0% ATp 5]
0By 0Tp
N
where %——iz"(K-—l)z
9By a ; ti2 '
1=
N
o . iﬁ o OK g e qy@Ink
8TD = refi_1 t,-z i 178]- VIR T

)
82 (HIGM+Hdep) H [GM+I:IdD(Ie-p)

v

Ne 1G Ne G d Ne IG N
98 _ s v Bt Xy OH; N Hpy +B o Hi
8TD e i1 oT Hspec - I:Ispec oT oT i1 8T I:Ispec

In Egs. (B-10) to (B-13), t;=1+(K; — 1)Bv.

I:Ispec oT ar
=1

XiL 3121:'6 81;1%?")
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Appendix C. Flow charts of direct substitution algorithms

Appendix C.1. Michelsen [21].

Specify Hopee, P, zi, T, Pe, @ and BIP

k=1, Input T

Calculate initial guesses for K values based on Wilson’s correlation

!

Solve equation 11 for By® such that |g,| < ¢, and calculate x;® and y;

Output By®, x;® and y;®

Calculate Ing;®, (0lng/0T)® and Cp® for j=V and L

}

Calculate InK;® = (Ingi. - Ingiv)®, (6InK;/0T)® and g;®

A

Construct the 2 x 2 Jacobian matrix

A

Perform one Newton’s iteration step to obtain By**!) and T*D

—

. Details of the check of temperature oscillation:

Calculate f, = [T&D-TO|, where i=1, 2, ..., k. Iff,
< g, = miny(|TO-TED))/C, where i=1, 2, ..., (k-1)
and C (e.g., 10?) is a constant that defines the
investigation radius around T, temperature is
considered to be oscillating.

2. Compressibility factor selection approach:

Before detecting temperature oscillation, phase
compressibility factors are selected so that the
resulting Gibbs free energy is minimized among
the possible roots selections.

After detecting temperature oscillation, the
oscillating single-phase system will be split into
two phases with the assumption By® = 0.5 and x;¥)
=y =z, only for the first time the oscillation is
detected. Then, the maximum compressibility
factor is chosen for the V phase and the minimum
for the L phase for this iteration step and
subsequent iterations.

T oscillates ?

Assume By® = 0.5
X =y =7

(k=k+1)

Calculate InK;**1) = InK;® + (0InKy/0T)®(T&+D - TK))
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Appendix C.2. Agarwal et al. [24].

Specity Hypee, P, z;, T, P, ® and BIP

v

k=1, Input T

Calculate initial guesses for K values based on Wilson’s correlation

v

Solve equation 11 for By® such that |g;®)| < ¢; and calculate x;¥) and y;

Output By®, x;® and y;®

YES

NO

Calculate Ing;" and CpV for j=V and L

l

Calcuate f;() from equation 9
v

Calculate T® =TO - g,M/(3;B;Cpy) "

v

A 4

Solve equation 11 for By® such that |g;®| < &, and calculate x;® and y;® The check procedure of temperature oscillation
and the compressibility factor selection approach

are the same as presented in the DS algorithm by

Output By®, x;% and y;®

Michelsen.

g™ < ?

A

(k=k+1)

Calcuate ;¥ from equation 9
Perform a QNSS step for intermediate K values

(Inﬁ(k) — IR 1))Tf(k 1)
(K0 — Inﬁ(k—l))T(?(k) —faey

Calculate x;%"- and y;*"0 based on By® and K;&*0-5

v

InK&+0%) = K® +

00

Construct the 2 x 2 Jacobian matrix based on x;***-5 and y;k0-5

)

Perform one Newton’s iteration step to obtain By**D and T**D

Assume By® = 0.5

T oscillates ?
X0 =y 0 =z

Calculate InK;&™D = InK;® + (0lnK;/0T)®(T*D - TK)

49



50
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Appendix C.3. New direct substitution algorithm presented in Section 4.

| Specify Hypec, P, 7, Te, Pe, ® and BIP |

¥

k=1, Input Tp("
Calculate initial guesses for K values based on Wilson’s correlation

i

‘ Solve equation 11 for By® such that [g,®)| < &, and calculate x;® and y;,® |

Output By®, x{® and y;®

Calcuate f") from equation 9

‘ Calculate Tp®@ = Tp" = @V/(Teer);BiCr) " ‘

.

‘ Solve equation 11 for By® such that |g,®)| < ¢, and

(k=k+1)

x® and y,

0] < grand |g,®] <& ?

Calcuate f;® from equation 9

Perform a QNSS step for intermediate K values
(InR®) — InRO-D) D)
(InK® — K&)' 00 — Fk-y
¥

‘ Calculate x{**9 and y;k*0-5) based on By® and K<) |

¥

REH9) = (K00 +

I Construct the 2 x 2 Jacobian matrix based on x;**%% and y;*0-5) |

]

| Perform one Newton’s iteration step to obtain By**! and Tp*™D |

Calculate Tp®*D by Regula Falsi method

Solve equation 11 for By*'" such that [g,*'V)| < g,
and calculate x5 and y;&*D

|fi®k*D] < grand [g* D] <&, ?

NO

Condition number of the
Jacobian matrix > 106 2

‘ Let t, = min{Tp®, Tp®*D} and ty = max {Tp®, Tpk}

]

Output By® D, x;&*D and y;&*D

Calculate InK;**D = InK;® + (8InKy/0Tp)®(Tp®D - Tp®)

| (k=k=+1)

| Calculate Tp**? = 0.5(t. + ty) |-
¥

Perform PT flash at Tp*'? to calculate By*'?, x;*'? and y;&'»

such that [f&*2)| < g for i=1, 2, ..., Nc and |g,*?)]| < g,

Condition number of the

Jacobian matrix > 10° 2

Let tp = Tp®* for g6 < 0, ty, = Tp** for g,k >0

Output By**2, x**2) and y;**»
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