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a  b  s  t  r  a  c  t

Numerical  solution  of  many  non-isothermal  reservoir  flow  problems  requires  robust  isenthalpic  flash.
However,  isenthalpic  flash  is  challenging  when  the  total  enthalpy  is  sensitive  to  temperature,  which  is
referred  to  as  narrow-boiling  behavior.  The  direct  substitution  (DS)  algorithms  proposed  in  the literature
have  convergence  difficulties  for narrow-boiling  fluids.

This research  presents  a detailed  analysis  of the  narrow-boiling  behavior  and its effects  on  the  robust-
ness  of  the  DS algorithms.  A new  DS  algorithm  is developed  that  addresses  the direct  reason  for  the
convergence  issues  associated  with  narrow-boiling  behavior.  The  main  focus  of the research  is  on robust
isenthalpic  flash  for two  hydrocarbon  phases,  although  mathematical  derivations  are given for  a general
multicomponent  multiphase  system.  The  thermodynamic  model  used  is the  Peng–Robinson  equation  of
state.

The new  DS algorithm  is tested  for various  isenthalpic  flash  problems,  which  include  the  cases  for  which
the  prior  DS  algorithms  exhibit  non-convergence.  Results  show  that  the narrow-boiling  behavior  causes
the  system  of equations  solved  in the  DS  algorithms  to be  degenerate.  The  degenerate  equations  can  be
robustly  handled  by  the  bisection  algorithm  developed  in this  research.  Case  studies  demonstrate  that
the  new  DS  algorithm  exhibits  significantly  improved  robustness  for isenthalpic  flash  of  narrow-boiling
fluids.

©  2014  Elsevier  B.V.  All  rights  reserved.

. Introduction

Steam injection is a widely used method for heavy-oil recovery [1]. The steam injected releases the latent heat when it condenses into
ot water at thermal fronts. Part of the heat can effectively increase the oleic phase mobility because heavy-oil viscosity is highly sensitive
o temperature [2,3]. Steam-assisted gravity drainage (SAGD) is an important application of steam injection for recovery of extra-heavy oil
nd bitumen [4].

Flow of fluid and energy is coupled with multiphase behavior of water–hydrocarbons mixtures in steam injection. A wide variety of
ompounds that exist in a heavy-oil reservoir have different volatilities. Different compounds propagate differently in a reservoir during
he non-isothermal recovery process. Therefore, compositional effects are important in understanding and designing steam injection. For
xample, thermodynamic conditions at thermal fronts are dependent on multiphase behavior of water–hydrocarbons mixtures at elevated
emperatures [5]. Vaporization and condensation of light hydrocarbons, one of the main oil-recovery mechanisms in steam injection, is a
onsequence of the complex interaction between reservoir flow and multiphase behavior [2,6–10].

Compositional simulation of steam injection has been common practice in the oil industry, in which phase behavior is solved for based
n K-value tables prepared for different temperatures and pressures [11–13]. The thermal simulation based on K values is computationally
fficient and reasonably accurate in estimating reservoir processes. However, it does not capture detailed compositional effects on phase

quilibria and phase properties. A more general approach to phase behavior modeling is to use a cubic equation of state (EoS) in place of
-value tables [9,14–17]. Phase behavior modeling based on an EoS is particularly important when the primary focus of flow simulation

s on investigation of detailed recovery mechanisms [9,18]. Recently, Iranshahr et al. [19] presented an efficient EoS thermal simulator on
he basis of phase behavior parameterization using tie-line information.
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Nomenclature

Roman symbols
a attraction parameter for a cubic equation of state
A dimensionless attraction parameter for a cubic equation of state
b covolume parameter for a cubic equation of state
B dimensionless covolume parameter for a cubic equation of state
C constant defined for temperature oscillation check
CPj heat capacity of phase j
CPi

0 coefficients of component i defined in Eq. (17)
�f vector consisting of NC residuals of the fugacity equations
fi residual of the fugacity equations defined in Eq. (9)
fij fugacity of component i in phase j, or residual of the fugacity equations defined in Eq. (5)
fo function defined for temperature oscillation check
gj residuals of material balance equations (j = 1, 2, . . .,  NP − 1)
gNP residual of the enthalpy constraint
G molar Gibbs free energy
H enthalpy
H molar enthalpy
kij binary interaction parameter between components i and j
�K vector consisting of NC K values
Ki K value of component i for a two-phase system defined in Eq. (10)
Kij K value of component i in phase j
L liquid phase
NC number of components
NP number of phases
P pressure
PC critical pressure
R universal gas constant
S molar entropy
T temperature
TC critical temperature
T0 273.15 K defined in Eq. (17)
V vapor phase
V molar volume
xi mole fraction of component i in the L phase for a L–V two-phase system
xij mole fraction of component i in phase j
yi mole fraction of component i in the V phase for a L–V two-phase system
zi mole fraction of component i in a mixture
Zj compressibility factor of phase j

Greek symbols
˛  coefficients defined in Eq. (21)
ˇj mole fraction of phase j
ε convergence criterion (e.g., 10−10)
εo constant used for temperature oscillation check
ϕij fugacity coefficient of component i in phase j
ω acentric factor

Subscripts
C critical property
D dimensionless property
i component index
j phase index
m mixture
ref reference value
spec specified value

Superscripts
dep departure
IG ideal gas

IGM ideal gas mixture
k index for iteration steps
L lower bound
t total property
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T transpose
U upper bound

Abbreviations
BIP binary interaction parameter
DS direct substitution
EoS equation of state
PH isenthalpic (flash)
PR Peng–Robinson
PT isobaric–isothermal (flash)
QNSS quasi-Newton successive substitution
SAGD steam-assisted gravity drainage
SS successive substitution
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A common selection of independent variables in EoS thermal simulation is the component mole numbers, pressure, and enthalpy for
ach grid block [9,17]. Use of enthalpy as an independent variable associated with the energy conservation equation is more general than
se of temperature since the former can naturally accommodate the cases of one degree of freedom (e.g., two-component, three-phase
ystems) [9]. In this simulation formulation, phase behavior at each grid block at each time step is calculated at a given pressure (P),
nthalpy (H), and overall composition; i.e., isenthalpic or PH flash.

The most fundamental formulation for PH flash is maximization of entropy (equivalently, minimization of negative entropy) subject to
he enthalpy constraint with the variables of temperature and component mole numbers in equilibrium phases [1,9]. Brantferger et al. [9]
eveloped a second-order algorithm for the constrained entropy maximization using Newton’s method. The Hessian matrix was modified
hrough the Cholesky decomposition when it was ill-conditioned. However, the non-linearity of the enthalpy constraint made it difficult
o ensure robust maximization of the entropy [9,20–23]. Michelsen [22] then proposed another objective function, for which the solution
xisted at a saddle point of the function. However, it was  mentioned that the proposed method could be problematic when narrow-
oiling phases were involved [21,22]. The term “narrow-boiling” has been used in the literature to refer to the enthalpy behavior that

s very sensitive to temperature [21,24]. Details of the convergence behavior and computational efficiency were not discussed for these
unction-maximization methods. These methods are quadratically convergent near the solution. It is likely that their robustness depends
ignificantly on initialization of the iteration variables as is the case with minimization of the Gibbs free energy at a given temperature (T)
nd pressure (P); i.e., PT flash [25–29].

Another type of PH-flash formulation uses PT flash that is nested in the outer temperature iteration loop [24]. This method fundamentally
ails for one degree of freedom, where pressure and temperature are interdependent [9,15,24].

Algorithms using Newton’s method can be initialized by more robust, but linearly convergent algorithms. In PT flash, for instance, the
raditional successive substitution (SS) algorithm and its accelerated variants are commonly used to provide initial estimates for Newton’s

ethod [30–35]. A PH-flash algorithm developed by Michelsen [21] had some algorithmic features in common with the SS algorithm for
T flash, and was  referred to as the direct substitution (DS) algorithm. In the DS algorithm, the fugacity equations and enthalpy constraint
ere solved with K values and temperature as independent variables. For each iteration, one Newton’s iteration step was  performed using

he Rachford–Rice equations [36] and the enthalpy constraint as functions of independent phase mole fractions and temperature. Then, K
alues were updated based on the temperature change that was  just obtained by the Newton’s iteration step. Unlike the PH flash algorithm
sing nested PT flash mentioned before, the DS algorithms do not have the issue associated with one degree of freedom since temperature
nd K values are updated within a single iteration loop [21,24].

The DS algorithm of Michelsen [21] was modified later by Agarwal et al. [24]. The main difference between the DS algorithms of
ichelsen and Agarwal et al. was that the latter performed a quasi-Newton update of K values [37,38] prior to the Newton’s iteration step

or the Rachford–Rice equations and the enthalpy constraint. In general, this preliminary K-value update reduces the number of iterations
equired for convergence. Siu et al. [39] used the DS algorithm of Agarwal et al. [24] in their fully implicit thermal wellbore model.

Michelsen [21] and Agarwal et al. [24] reported that their DS algorithms could exhibit non-convergence when narrow-boiling phases
ere involved. The convergence issue was indicated by temperature oscillations in their algorithms, but the reason for the oscillations
as not detailed. The suggested remedy was to select the phase compressibility factors in such a way that K values did not converge to
nity during the iteration. Although its details were not entirely clear in their papers, it is unlikely that this approach always resolve the
onvergence issues. For example, there are cases where only a single root exists in solution of a cubic EoS for an oscillating single-phase
uid. More importantly, the direct reason for the convergence issue caused by the presence of narrow-boiling behavior is not the root
election in solution of a cubic EoS as will be presented in Section 3.

Three equilibrium phases consisting of the oleic, gaseous, and aqueous phases are to be handled in application of PH flash in reser-
oir engineering of thermal oil recovery. However, additional complexities arise when water is part of the fluid system in PH flash;
.g., the model capability of representing the Gibbs free energy that results in mutual solubilities of water and hydrocarbons at a wide
emperature–pressure range [40–42], and numerical difficulties associated with extremely small solubilities of hydrocarbons in the aque-
us phase [40,41,43–46]. The current paper is focused on the convergence issues associated with narrow-boiling fluids for two hydrocarbon
hases, although many mathematical expressions are given for general multicomponent multiphase systems. Robust PH flash for water-
ontaining three-phase systems should consider geometric properties of the Gibbs free energy specific to the thermodynamic model used,
nd will be presented in future publications.
The main objective of this paper is to develop an improved DS algorithm for two-phase PH flash. First, the formulation and prior DS
lgorithms for PH flash are discussed. Then, the development begins with detailed analysis of the enthalpy sensitivity to temperature, in
hich the main contribution of this research lies. The analysis explains the reason for the convergence issues that the prior DS algorithms
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an pose for narrow-boiling fluids. The improvement is made to directly address the reason of the convergence issue. Finally, case studies
emonstrate the improved robustness of the new DS algorithm.

. Formulation and conventional algorithms

This section first presents the formulation for PH flash and working equations in the DS algorithm. Then, step-wise descriptions are
iven for the DS algorithms of Michelsen [21] and Agarwal et al. [24] as implemented in this research.

.1. Formulation

The most fundamental formulation for PH flash is to maximize the total entropy of a closed system at a specified pressure and enthalpy
1,9]. That is, for a given P, Hspec and zi (i = 1, 2, . . .,  NC), it is to find T and xij (i = 1, 2, . . .,  NC, and j = 1, 2, . . .,  NP) that maximize

S-
t =

NP∑
j=1

ˇjS-j, (1)

here Hspec is the specified molar enthalpy, zi is the overall mole fraction of component i, xij is the mole fraction of component i in phase
, St is the total molar entropy, ˇj is the mole fraction of phase j, Sj is the molar entropy of phase j, NC is the number of components, and NP
s the number of equilibrium phases. The following constraints are to be satisfied:

zi =
NP∑
j=1

ˇjxij for i = 1, 2, . . .,  NC (2)

NP∑
j=1

ˇj = 1.0 (3)

H-
t =

NP∑
j=1

ˇjH- j = H- spec, (4)

here Ht is the total molar enthalpy, and Hj is the molar enthalpy of phase j.
Cubic EoSs are widely used in the petroleum industry because of their simplicity, computational efficiency, and reasonable accuracy for

epresenting behavior of petroleum reservoir fluids [47,48]. In this research, the Peng–Robinson (PR) EoS [49,50] is used along with the
an der Waals mixing rules [51]. Appendix A presents the PR EoS and thermodynamic derivatives based on the PR EoS that are used in the
ubsequent sections.

.2. Direct substitution

The direct substitution (DS) algorithm for PH flash is a root-finding approach, instead of direct maximization of the total entropy. It
earches for K values and T that satisfy Eqs. (2)–(4) and the fugacity equations

fij = ln(xijϕij) − ln(xiNP
ϕiNP

) = 0, (5)

here ϕij is the fugacity coefficient of component i in phase j (i = 1, 2, . . .,  NC, and j = 1, 2, . . .,  NP − 1). The K value of component i in phase j
s defined as

Kij = xij/xiNP
, (6)

here i = 1, 2, . . .,  NC, and j = 1, 2, . . .,  (NP − 1). The NPth phase is the reference phase in Eqs. (5) and (6).
As in the traditional SS algorithm for PT flash, K values are related to ˇj and xij through the Rachford–Rice equations; that is, ˇj can be

btained from solution of the Rachford–Rice equations. The Rachford–Rice equations are

gj =
NC∑
i=1

(
xij − xiNP

)
=

NC∑
i=1

(Kij − 1)zi/ti = 0 for j = 1, 2, . . .,  (NP − 1),  (7)

here ti = 1 +
∑NP−1

j=1 (Kij − 1)ˇj for i = 1, 2, . . .,  NC [52]. Then, the corresponding xij can be obtained from xiNP
= zi/ti and Eq. (6) for j /= NP.

The DS algorithms developed by Michelsen [21] and Agarwal et al. [24] involve solution of the system of NP equations consisting of Eq.
7) and the enthalpy constraint

gNP = H-
t − H- spec = 0 (8)

or T and ˇj (j = 1, 2, . . .,  NP − 1) based on Newton’s method for root-finding. The Jacobian matrix required is presented in Appendix B for a
eneral NC-component NP-phase system. Appendix B also gives the Jacobian matrix for the case of NP = 2, which is the main focus of this
aper.
In the conventional two-phase notation for the oleic (L) and gaseous (V) phases, the L phase is the reference phase in Eqs. (5) and (6);
hus,

fi = ln(yiϕiV) − ln(xiϕiL) = 0, (9)
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here xi and yi are the mole fractions of component i in the L and V phases, respectively. The K value of component i is

Ki = yi/xi. (10)

he Rachford–Rice equation for two phases

g1 =
NC∑
i=1

(yi − xi) =
NC∑
i=1

(Ki − 1)zi/ti = 0, (11)

here ti = 1 + (Ki − 1)ˇV for i = 1, 2, . . .,  NC, and Eq. (8) (g2 = 0) are solved simultaneously for T and ˇV. The subsequent subsections present
tep-wise descriptions of the DS algorithms of Michelsen [21] and Agarwal et al. [24] for NP = 2 (see Appendix B for the 2 × 2 Jacobian
atrix).

.2.1. Direct substitution algorithm of Michelsen [21]
This subsection presents a step-wise description for the DS algorithm of Michelsen [21].
Step 1. Specify Hspec, P, and zi, along with model parameters such as critical temperature TC, critical pressure PC, acentric factor ω, and

C × NC binary interaction parameters (BIPs).
Step 2. Input an initial guess for temperature, T(1), where the number in the bracket represents the iteration-step number k = 1. Calculate

nitial guesses for K values based on Wilson’s correlation [53].
Step 3. Solve Eq. (11) for the vapor phase mole fraction ˇV

(k) for the kth iteration step so that |g1
(k)| < ε1 (e.g., ε1 = 10−10). Calculate the

orresponding xi
(k) and yi

(k).
Step 4. Calculate the residual of the enthalpy constraint (g2

(k)). If |g2
(k)| is less than the tolerance ε2, stop (e.g., ε2 = 10−10). Otherwise,

ontinue to step 5.
Step 5. Calculate ln ϕij

(k), (∂ln ϕij/∂T)(k), and phase heat capacities (CPj
(k)) for j = V and L.

Step 6. Calculate K values using one SS step (i.e., ln Ki
(k) = (ln ϕiL − ln ϕiV)(k)), (∂ln Ki/∂T)(k), and g1

(k).
Step 7. Construct the 2 × 2 Jacobian matrix (see Appendix B).
Step 8. Perform one Newton’s iteration step to obtain ˇV

(k+1) and T(k+1).
Step 9. Calculate fo = |T(k+1) − T(i)|, where i = 1, 2, . . .,  k, to check for temperature oscillation. Continue to step 10 if fo is greater than εo;

o = mini(|T(i) − T(i+1)|)/C, where i = 1, 2, . . .,  (k − 1) and C (e.g., 102) is a constant that defines the investigation radius around T(k+1). Otherwise,
emperature is considered to be oscillating. Then, go to step 4 with ˇV

(k) = 0.5 and xi
(k) = yi

(k) = zi only for the first time the oscillation is
etected.

Step 10. Update K values; ln Ki
(k+1) = ln Ki

(k) + (∂ln Ki/∂T)(k)(T(k+1) − T(k)). Go to step 3 after increasing the iteration-step number by one;
 = k + 1.

The DS algorithm of Michelsen [21] performs one Newton’s iteration step to obtain ˇV and T in step 8; however, note that its convergence
ehavior is linear as can be seen in the K-value updates in composition (step 6) and T (step 10). Also, the only stopping criterion is that |g2|
e less than ε2 in step 4. The other residual for g1 has been satisfied in step 3. These are also true for the DS algorithm of Agarwal et al. [24]

n Section 2.2.2.
In step 5, phase compressibility factors are selected so that the resulting Gibbs free energy is minimized among the possible root

elections [54]. This conventional root selection, however, is not applied when step 9 detects temperature oscillation associated with
arrow-boiling behavior. For such a case, Michelsen [21] suggested that the oscillating single-phase system be split into two phases of

nitially equal amounts and compositions (i.e., ˇV = 0.5 and xi = yi = zi) only for the first time the oscillation is detected. Then, the maximum
ompressibility factor is chosen for the V phase and the minimum for the L phase for this iteration step and also the subsequent iterations.
owever, this scheme does not always resolve the temperature oscillation issue as will be presented in Sections 3 and 5.

How to detect temperature oscillations was not explained in Michelsen [21] and Agarwal et al. [24]. In our implementation of their
S algorithms, it has been observed that the temperature oscillations occur between two distinct temperature ranges in a quite regular
anner as will be presented in Sections 3 and 5. Based on the observation, temperature oscillations are detected using the procedure given

n step 9. The definition of temperature oscillation becomes stricter if a greater value is used for the C constant.

.2.2. Direct substitution algorithm of Agarwal et al. [24]
The main modification of the DS algorithm made by Agarwal et al. [24] was that a quasi-Newton step was  used for a preliminary update

f K values before constructing the Jacobian matrix. The quasi-Newton step used was  based on Nghiem [37] and Nghiem and Li [38], and
eferred to as QNSS. Steps 1–4 are not presented below as they are the same as in Section 2.2.1.

Step 5. Calculate ln ϕij
(1) and phase heat capacities (CPj

(1)) for j = V and L.
Step 6. Calculate the residuals of the fugacity equations (fi(1); see Eq. (9)).
Step 7. T(2) = T(1) − g2

(1)/(
∑

jˇjCPj)(1).
Step 8. Solve Eq. (11) for the vapor phase mole fraction ˇV

(k) for the kth iteration step so that |g1
(k)| < ε1. Calculate the corresponding

i
(k) and yi

(k).
Step 9. Calculate the residual of the enthalpy constraint (g2

(k)). If |g2
(k)| is less than the tolerance ε2, stop. Otherwise, continue to step

0.
Step 10. Calculate the residuals of the fugacity equations (fi(k); see Eq. (9)).
Step 11. Perform a QNSS step for intermediate K values, Ki

(k+0.5);

T

ln �K (k+0.5) = ln �K (k) + (ln �K (k) − ln �K (k−1)) �f (k−1)

(ln �K (k) − ln �K (k−1))
T
(�f (k) − �f (k−1))

�f (k), (12)

here �K and �f are vectors consisting of NC K values and NC residuals of the fugacity equations (Eq. (9)), respectively.
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Step 12. Calculate xi
(k+0.5) and yi

(k+0.5) based on ˇV
(k) and Ki

(k+0.5).
Step 13. Construct the 2 × 2 Jacobian matrix based on xi

(k+0.5) and yi
(k+0.5).

Step 14. Perform one Newton’s iteration step to obtain ˇV
(k+1) and T(k+1).

Step 15. Calculate fo = |T(k+1) − T(i)|, where i = 1, 2, . . .,  k, to check for temperature oscillation. Continue to step 16 if fo is greater than εo;
o = mini(|T(i) − T(i+1)|)/C, where i = 1, 2, . . .,  (k − 1) and C (e.g., 102) is a constant that defines the investigation radius around T(k+1). Otherwise,
emperature is considered to be oscillating. Then, go to step 9 with ˇV

(k) = 0.5 and xi
(k) = yi

(k) = zi only for the first time the oscillation is
etected.

Step 16. Update K values; ln Ki
(k+1) = ln Ki

(k) + (∂ln Ki/∂T)(k)(T(k+1) − T(k)). Go to step 8 after increasing the iteration-step number by one;
 = k + 1.

In steps 5 and 10, phase compressibility factors are selected so that the resulting Gibbs free energy is minimized among the possible
oot selections [54]. As in Section 2.2.1, this conventional root selection is not used when step 15 detects temperature oscillation. For such

 case, the procedure of Michelsen [21] described before is followed. The maximum compressibility factor is chosen for the V phase and
he minimum for the L phase in step 10 of the subsequent iterations.

. Analysis of enthalpy sensitivity to temperature

As explained in Section 1, Michelsen [21] and Agarwal et al. [24] reported that their DS algorithms have convergence difficulties when
arrow-boiling behavior is involved. A fluid with the narrow-boiling behavior exhibits a significant sensitivity of enthalpy to temperature
21,24]. This section investigates fundamental reasons for the narrow-boiling behavior and its effects on PH flash using the DS algorithm.

.1. Analytical expression of the total enthalpy

It is important to use temperature and enthalpy of a dimensionless form in PH flash since their magnitudes can significantly affect the
ondition number of the Jacobian matrix as will be discussed in Section 4. Thus,

TD = T/Tref (13)

H- Dj = H- j/H- spec, (14)

here TD is the dimensionless temperature, and HDj is the dimensionless molar enthalpy of phase j. Tref is some reference value to make
emperature better scaled in PH flash. For example, Tref can be a temperature near the original reservoir temperature in thermal oil recovery
rocesses (e.g., 300 K). Note that some of the prior PH-flash algorithms in the literature did not use dimensionless temperature and enthalpy.

The dimensionless total molar enthalpy (HD
t) of NP phases is

H-
t
D =

NP∑
j=1

ˇjH- Dj =
NP∑
j=1

ˇj(H-
IGM
Dj + H-

dep
Dj

). (15)

he molar phase enthalpy (HDj) can be calculated as the summation of the molar ideal-gas-mixture enthalpy (H-
IGM
Dj ) and the molar enthalpy

eparture (H-
dep
Dj

). The dimensionless molar enthalpy of phase j as an ideal gas mixture, H-
IGM
Dj , is

H-
IGM
Dj = H-

IGM
j /H- spec =

NC∑
i=1

xijH-
IG
i /H- spec. (16)

i
IG is the molar ideal-gas enthalpy for component i and calculated using the following fourth-order polynomial correlation [1,55,56]:

H-
IG
i = C0

P1i(T − T0) + C0
P2i(T

2 − T2
0 )/2 + C0

P3i(T
3 − T3

0 )/3 + C0
P4i(T

4 − T4
0 )/4, (17)

here C0
P1i

, C0
P2i

, C0
P3i

, and C0
P4i

are coefficients for component i, and T0 is 273.15 K.
The dimensionless molar enthalpy departure for phase j is

H-
dep
Dj

=
{[(

RT2 ∂Amj

∂T
+ RTAmj

)
/2

√
2Bmj

]
ln

[
Zj + (1 +

√
2)Bmj)

Zj + (1 −
√

2)Bmj)

]
+ RT(Zj − 1)

}
/H- spec (18)

n the basis of the PR EoS. The expressions for Amj, Bmj, Zj, and ∂Amj/∂T are given in Appendix A.
Now, the sensitivity of HD

t to TD is analyzed using Eq. (15),

∂H-
t
D

∂TD
=

NP∑
j=1

∂ˇj

∂TD
H- Dj +

NP∑
j=1

∂H- Dj

∂TD
ˇj. (19)

he partial derivative of HDj with respect to TD can be calculated as follows:

∂H- Dj =
NC∑∂H- Dj ∂H- j ∂xij ∂ˇj ∂T

, (20)

∂TD

i=1
∂H- j ∂xij ∂ˇj ∂T ∂TD

here ∂HDj/∂Hj = 1/Hspec and ∂T/∂TD = Tref. Appendix A presents the analytical expressions for ∂Hj/∂xij and ∂xij/∂ˇj, and the final expression
f Eq. (19) for a general NC-component NP-phase system.
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Table  1
Properties for the methane (C1) and n-butane (C4) mixture used for case 1.

Component Mole fraction TC, K PC, bar ω CP1
0, J/(mol K) CP2

0, J/(mol K2) CP3
0, J/(mol K3) CP4

0,  J/(mol K4)

C1 0.99 190.60 46.00 0.008 19.250 5.212 × 10−2 1.197 × 10−5 −1.132 × 10−8

C4 0.01 425.20 38.00 0.193 9.487 3.313 × 10−1 −1.108 × 10−4 −2.822 × 10−9

Binary interaction parameters are all zero.
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ritical temperature: 197.57 K.
ritical pressure: 53.05 bar.
wo-phase temperature region at P = 50.00 bar: [194.98, 228.20] K.

An important result is obtained for two phases. The partial derivative of HD
t with respect to TD can be rewritten as

∂H-
t
D

∂TD
= ˛1(TD)

(
∂ˇV

∂TD

)2

+ ˛2(TD)
∂ˇV

∂TD
+ ˛3(TD), (21)

here ˛1(TD), ˛2(TD), and ˛3(TD) are terms dependent on TD. Appendix A presents the detailed analytical expressions for Eq. (21), including
hose for ˛1, ˛2, and ˛3. Eq. (21) is useful in analyzing the sensitivity of HD

t with respect to TD based only on the four terms, ˛1, ˛2, ˛3,
nd ∂ˇV/∂TD. Particularly, ∂ˇV/∂TD helps understand the physical meaning of narrow-boiling, where the amount of the V phase (i.e., ˇV)
apidly increases with a small change in temperature (TD). That is, a narrow-boiling system exhibits a large value for |∂ˇV/∂TD| as will be
resented later. Unfortunately, a similar expression of Eq. (20) has not been found for a general NP-phase system.

.2. Gibbs free energy analysis

The previous section presents the analytical expression of the sensitivity of HD
t to TD in terms of ∂ˇV/∂TD. By definition, however,

ˇV/∂TD is zero in the Jacobian matrix in the DS algorithms. This subsection gives another analysis of the narrow-boiling behavior through
he Gibbs free energy in composition-temperature space.

Phase equilibrium predictions at T and P are determined by the geometric properties of the single-phase Gibbs free energy (i.e., the Gibbs
ree energy assuming a single phase even in multiphase regions) in composition space. PT flash calculation, or minimization of the Gibbs
ree energy, is to correct the non-convex portion of the single-phase Gibbs free energy that contains the specified overall composition. The
ingle-phase Gibbs free energy change on mixing in a dimensionless form (�mG/RT) is calculated as

�mG-/RT =
NC∑
i=1

xi[ln ϕi(T, P, x-) − ln ϕi(T, P)], (22)

here ϕi(T, P, x) is the fugacity coefficient of component i in a mixture, and ϕi(T, P) is the fugacity coefficient of component i as a pure
omponent.

If ˇV is sensitive to TD for a fixed overall composition and pressure, the Gibbs free energy should behave in such a way that at least
ne of the equilibrium phase compositions drastically changes with a small change in temperature. This is illustrated in a simple example
case 1) given below.

Case 1 uses a binary mixture of 99.00% methane (C1) and 1.00% n-butane (C4), for which properties are given in Table 1. Fig. 1 shows the
hase envelope in P–T space, where the critical point is calculated to be 197.57 K and 53.05 bar. The contour lines for ˇV in Fig. 1a indicate
hat the sensitivity of ˇV to T varies in the two-phase region. The contour lines are significantly dense near the bubble-point curve. PH flash
s challenging near the bubble-point at 50 bar since it presents narrow-boiling behavior and is close to the critical point. Fig. 1b shows the

agnified P–T diagram near the critical point. At 50 bar, two  phases exist from 194.98 K to 228.20 K, and ˇV increases from 0.00 to more
han 0.90 with a temperature increase of 2.00 K from the bubble-point temperature 194.98 K. Fig. 2 shows that Ht and ˇV at 50 bar are
ensitive to temperature near the bubble point. The ∂ˇV/∂TD can be higher than 70, where TD is calculated using Eq. (13) with Tref = 300 K.

Fig. 3 presents the Gibbs free energy surfaces (Eq. (22)) in composition space at two different temperatures, T1 = 195.00 K and
2 = 201.00 K, at 50.00 bar. As can be seen from Fig. 1, T1 and T2 are in the two-phase region, but T1 is close to the bubble-point tem-
erature. In Fig. 3, equilibrium phases are indicated as follows: the filled circle for the V phase at T1, the hollow circle for the V phase at
2, the filled square for the L phase at T1, and the hollow square for the L phase at T2. At T1, the two phases are present near the C1 edge in
omposition space. Details of the Gibbs free energy surfaces near the C1 edge are shown in Fig. 3b.

As temperature increases from T1 to T2 (T2 − T1 = 6.00 K), the composition and the Gibbs free energy of the L phase drastically change.
owever, this does not occur for the V phase. At T1, the total �mG/RT is −2.065 × 10−2, where the C1 concentration is 98.96% for the L
hase and 99.61% for the V phase. The Gibbs free energy values are −2.141 × 10−2 for the L phase and −9.549 × 10−3 for the V phase. At T2,
he total �mG/RT is −1.435 × 10−2, where the C1 concentration is 80.26% for the L phase and 99.64% for the V phase. The Gibbs free energy
alues are −2.209 × 10−1 for the L phase and −7.280 × 10−3 for the V phase. The L phase composition moves away from the fixed overall
omposition while the V phase composition changes only slightly. As a result, ˇV exhibits a drastic change from 0.0644 at T1 to 0.9669 at T2.

Fig. 4 shows the significant non-linearity of the phase compositions with respect to temperature. The derivatives of ln xC4 and ln yC4
ith respect to TD are close to zero for temperatures above 205 K in the two-phase region. However, they rapidly increase as the bubble-
oint temperature is approached. A similar level of non-linearity is observed for the fugacity coefficients since they are thermodynamic
roperties dependent on the phase composition.

Case 1 has demonstrated that the sensitivity of a phase composition causes the sensitivity of thermodynamic quantities and their
ssociated parameters (e.g., ˇV) to temperature for a fixed pressure and overall composition in a two-phase region. Then, the sensitivity of

V to temperature causes HD

t to be sensitive to temperature as discussed above with Fig. 2. This can be also confirmed using Eq. (21). Fig. 5
hows the values for ˛1, ˛2, and ˛3 in Eq. (21) for case 1 between 194.98 K and 228.20 K. The ˛1 values are positive near zero. Therefore,
he first term of Eq. (21), which is also positive as shown in Fig. 6, does not adversely affect the sensitivity of HD

t. Fig. 5 indicates that the
econd and third terms cause HD

t to rapidly increase with temperature near the bubble point. Fig. 6 shows that the three terms exhibit
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Fig. 1. Two-phase envelope in P–T space for a mixture of 99% C1 and 1% C4 (case 1). The properties used for the components are given in Table 1. The critical point is calculated
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o  be 197.57 K and 53.05 bar with the PR EoS. (a) The ˇV contour lines are significantly dense near the bubble-point curve. The solution temperature (195.65 K) for an example
H  calculation at P = 50 bar and Hspec = −6500 J/mol exists in the vicinity of the bubble-point curve. (b) Magnified PT diagram near the critical point shows that the solution
or  the example calculation exists in the region of narrow-boiling behavior.

ignificant non-linearities with respect to temperature. The large positive values of ∂ˇV/∂TD are multiplied by negative ˛2 values for the
econd term of Eq. (21). The ˛3 values are sensitive near the bubble-point temperature, but ∂ˇV/∂TD is not multiplied by ˛3 for the third
erm. The ∂ˇV/∂TD value influences the sensitivity of HD

t to temperature mainly through the second term of Eq. (21) in this case.

.3. Near degeneracy of the system of equations
The previous section showed that the narrow-boiling behavior occurs when at least one of the two phase compositions is sensitive to
emperature, causing ˇV to be sensitive to temperature. This subsection discusses the effects of narrow-boiling behavior on the condition
umber of the Jacobian matrix in the DS algorithms, which significantly affects the computational robustness.

ig. 2. The total molar enthalpy and the sensitivity of ˇV to temperature at 50 bar for a mixture of 99% C1 and 1% C4 (case 1). The properties used for the components are
iven  in Table 1. Two phases are present from 194.98 K to 228.20 K. The total molar enthalpy and ˇV at 50 bar are sensitive to temperature near the bubble point. The ∂ˇV/∂TD

an be higher than 70, where TD is calculated using Eq. (13) with Tref of 300 K.
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Fig. 3. (a) Gibbs free energy surfaces in binary composition space (case 1) at 50 bar at two  different temperatures T1 = 195 K and T2 = 201 K. The properties used for the
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omponents are given in Table 1. (b) Magnified Gibbs free energy surfaces near the C1 edge of composition space. As temperature increases from T1 to T2, the L phase
omposition drastically changes. ˇV changes from 0.0644 at T1 to 0.9669 at T2.

As presented in Appendix B, the Jacobian matrix for the DS algorithm contains ∂ln Ki/∂TD; thus, the behavior of phase compositions
ffects the condition number of the Jacobian matrix. This is depicted in Fig. 7 for case 1. Fig. 7 shows that ∂ln KC4/∂TD substantially increases
ith increasing temperature near the bubble-point temperature. This sensitive KC4 directly affects the condition number of the Jacobian
atrix as shown in Fig. 8. All calculations in this research use the double-precision floating-point numbers, and the Jacobian matrix with a

ondition number higher than 106 is considered to be ill-conditioned. The condition number of the Jacobian matrix is calculated using the
ne-norm approximation in this research. ln KC4 is significantly sensitive to temperature between 194.98 K and 204.40 K, where the Jacobian
atrix is ill-conditioned. That is, narrow-boiling behavior adversely affects the robustness of the DS algorithm through the Jacobian matrix.

 values during the DS solution are calculated as the fugacity-coefficient ratio, not from the definition given in Eq. (10), until its convergence.

owever, the fugacity coefficients are directly related to phase compositions since they are thermodynamic properties dependent on the
hase composition. Therefore, the ill-conditioned Jacobian can occur due to sensitive phase compositions during the DS iteration.

ig. 4. Sensitivities of the C4 concentrations in the V and L phases to temperature at 50 bar for a mixture of 99% C1 and 1% C4 (case 1). The properties used for the components
re  given in Table 1.
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Fig. 5. Three parameters ˛1, ˛2, and ˛3 of Eq. (21) at 50 bar for a mixture of 99% C1 and 1% C4 (case 1). The properties used for the components are given in Table 1.
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Fig. 6. Three terms of Eq. (21) at 50 bar for a mixture of 99% C1 and 1% C4 (case 1). The properties used for the components are given in Table 1.

The Jacobian matrix becomes even more ill-conditioned if the scaling of the total enthalpy and temperature (i.e., Eqs. (13) and (14)) are
ot conducted. Fig. 8 shows the condition numbers with and without scaling of the variables for case 1. It is observed that the condition
umber of the Jacobian matrix with the dimensionless variables is systematically lower than that with the dimensional variables. Higham
57] described the importance of scaling Jacobian elements in solution of a system of equations. Castier [58] used scaled independent
ariables in his isochoric–isoenergetic flash algorithm.

Although Michelsen [21–23] did not fully explain how the narrow-boiling behavior affected the robustness of the DS algorithm, he
tated that the non-linearity of the enthalpy constraint in his PH flash algorithm led to a more complex solution procedure. In the DS

lgorithms of Michelsen [21] and Agarwal et al. [24], strong temperature oscillations during the iteration were used as an indicator for the
arrow-boiling behavior. After detecting the temperature oscillations in a certain way, the remedy proposed was to split the oscillating
ingle phase into two phases of initially equal amounts and compositions. As presented in Section 2.2, solutions of a cubic EoS in this

ig. 7. The first-order derivative of ln KC4 with respect to TD, showing the sensitivity of KC4 to temperature at 50 bar for a mixture of 99% C1 and 1% C4 (case 1). The properties
sed  for the components are given in Table 1.
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Fig. 8. The condition numbers of the Jacobian matrices with and without scaling of temperature and enthalpy at 50 bar for a mixture of 99% C1 and 1% C4 (case 1). The scaling
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s  conducted using Eqs. (13) and (14) with Hspec of −6500 J/mol and Tref of 300 K. The properties used for the components are given in Table 1.

nd the subsequent iteration steps selected the lower compressibility factor for the L phase and the higher for the V phase. They found,
owever, that this approach did not always improve the non-convergence issues associated with the narrow-boiling behavior [21,24]. For
xample, it is not unusual that there exists only one root in solution of a cubic EoS for an oscillating single-phase system. For such a case,

 values calculated as the fugacity-coefficient ratio become unity in the next iteration step, yielding a singular Jacobian matrix.
The convergence behavior of the prior DS algorithms explained in Section 2.2 is shown for case 1 at 50 bar and Hspec of −6500 J/mol. The

olution temperature is 195.65 K, which is close to the bubble-point temperature in the two-phase region (see Fig. 1). That is, the solution
xists in the region of the narrow-boiling behavior. The initial temperature value is set to 190.00 K. The oscillation testing procedure
resented in Section 2.2 is used with the C constant of 102.

Fig. 9 shows the temperature variations during the iterations for the two DS algorithms. The temperature oscillation is identified at the
th iteration step for the DS algorithm of Agarwal et al. [24]. A similar oscillation is observed for the DS algorithm of Michelsen [21] in
ig. 9, but the oscillation testing procedure with the C value used does not identify it until the 22nd iteration step. Although Michelsen [21]
nd Agarwal et al. [24] did not explain how to detect temperature oscillation in their papers, this case indicates that efficient and robust
dentification of a temperature oscillation in their DS algorithms is not an easy task and would require some heuristic approach. The DS
lgorithm of Agarwal et al. [24] results in a lower level of temperature oscillation than that of Michelsen [21] in this case. This is likely
ecause of the preliminary update of K values in the DS algorithm of Agarwal et al. [24], which is essentially the only difference between
he two DS algorithms.

Once a temperature oscillation is identified, the prior DS algorithms take the remedy proposed by Michelsen [21], which was  discussed
n Section 2.2 and earlier in this subsection (see also Appendix C). Fig. 10 shows the compressibility factor in composition space at the
2nd iteration step for Michelsen’s DS algorithm (218.42 K), and at the 6th iteration step for Agarwal et al.’s DS algorithm (202.67 K). It is
hown that only one root exists in the cubic equation solution when the temperature oscillations are identified. This results in a singular
acobian matrix; thus a complete failure of the calculation. Fig. 11 clearly presents the non-convergence of the DS iterations in terms of

he enthalpy constraint (i.e., g2 = 0) for case 1.

ig. 9. Convergence behavior of the DS algorithms of Michelsen and Agarwal et al. in terms of temperature in PH flash at P = 50 bar and Hspec = −6500 J/mol for a mixture
f  99% C1 and 1% C4 (case 1). The properties used for the components are given in Table 1. The solution temperature is 195.65 K for this PH calculation. The temperature
scillation is identified at the 6th iteration step for the DS algorithm of Agarwal et al. A similar oscillation is observed for the DS algorithm of Michelsen, but the oscillation
esting procedure with the C value used does not identify it until the 22nd iteration step (see Section 2.2 for details of their DS algorithms).
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ig. 10. Compressibility factors in composition space when temperature oscillations are detected during PH flash at P = 50 bar and Hspec = −6500 J/mol for a mixture of 99% C1

nd 1% C4 (case 1). The temperature oscillation occurs at the 22nd iteration step (218.42 K) for Michelsen’s DS algorithm, and at the 6th iteration step (202.67 K) for Agarwal
t  al.’s DS algorithm. In either case, only one compressibility factor is present in the cubic equation solution.

. New direct substitution algorithm

This section presents a new DS algorithm that improves the issues of the prior DS algorithms associated with the narrow-boiling
ehavior. There are two main improvements made. One is that the new algorithm checks for the narrow-boiling behavior on the fly on the
asis of the condition number of the Jacobian matrix. The condition number contains direct information regarding computational accuracy.

 Jacobian matrix with a condition number greater than 106 can be safely said to be ill-conditioned when the double-precision floating-
oint numbers are used [59–61]. Thus, unlike the temperature-oscillation testing used in the prior DS algorithms, the new algorithm has
o ambiguity as to how to detect the narrow-boiling behavior. Computation of the condition number for a 2 × 2 Jacobian matrix is not
xpensive with the one-norm approximation, and is worth the improved robustness to be presented in Section 5.

The other main improvement is that the new DS algorithm adaptively switches between the Newton’s iteration step and bisection step
epending on the Jacobian condition number. When a Jacobian matrix is ill-conditioned, the system of equations is essentially degenerate in
he computation. Since the degeneracy issue comes from the significant sensitivity of variables to temperature, a robust bisection algorithm
olves for TD as the primary variable. Then, PT flash is used to update other variables such as ˇV and K values. This decoupling of TD from
he other variables is performed only if the system of equations is degenerate. Otherwise, the original Newton’s iteration step is used.

Other minor improvements made include the use of the upper and lower temperature limits (TD
U and TD

L) not to have unrealistic
emperature values during the iteration, and the scaling of temperature and enthalpy (i.e., TD and HD). These are not new ideas. The former
as applied in the nested-loop algorithm of Agarwal et al. [24] and by Chatoorgoon [62]. The latter is common practice described in

tandard textbooks in the area of numerical algorithms (e.g., Higham [57] and Overton [63]).
A step-wise description of the new DS algorithm is given below. Steps 1–14 are not shown here since they are the same as in the DS

lgorithm presented in Section 2.2.2 except for the following: (i) TD and HD are used in place of T and H, respectively, and (ii) step 9 also
hecks to see if the fugacity equations are satisfied in addition to the enthalpy constraint. Appendix C presents a flow chart of the new DS
lgorithm.
Step 15. Check to see if TD
L < TD

(k+1) < TD
U. If so, continue to step 16. Otherwise, calculate TD

(k+1) using the Regula Falsi method. Then,
olve Eq. (11) for the vapor phase mole fraction ˇV

(k+1) for the (k + 1)th iteration step so that |g1
(k+1)| < ε1. Calculate the corresponding xi

(k+1)

nd yi
(k+1).

ig. 11. Convergence behavior of the DS algorithms of Michelsen and Agarwal et al. in terms of the enthalpy constraint in PH flash at P = 50 bar and Hspec = −6500 J/mol for a
ixture of 99% C1 and 1% C4 (case 1). The properties used for the components are given in Table 1.
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Fig. 12. Convergence behavior of the new DS algorithm in terms of temperature in PH flash at P = 50 bar and Hspec = −6500 J/mol for a mixture of 99% C1 and 1% C4 (case
1).  The properties used for the components are given in Table 1. The solution temperature is 195.65 K for this PH calculation. A high sensitivity of enthalpy to temperature
is  detected at the 2nd iteration (197.82 K) when the condition number of the Jacobian matrix is 1.68 × 107. The new DS algorithm successfully suppresses the temperature
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scillation early in the iterative solution.

Step 16. Calculate the residual of the enthalpy constraint (g2
(k+1)) and the fugacity equations (fi given in Eq. (9)). If |g2

(k+1)| < ε2 and
fi

(k+1)| < εf (e.g., εf = 10−10) for i = 1, 2, . . .,  NC, stop. Otherwise, continue to step 17.
Step 17. Calculate the condition number of the Jacobian matrix. If it is greater than 106, go to step 19. Otherwise, continue to step 18.
Step 18. Update K values; ln Ki

(k+1) = ln Ki
(k) + (∂ln Ki/∂TD)(k)(TD

(k+1) − TD
(k)). Go to step 8 after increasing the iteration step number by

ne; k = k + 1.
Step 19-1. tL = min{TD

(k), TD
(k+1)} and tU = max{TD

(k), TD
(k+1)}.

Step 19-2. TD
(k+2) = 0.5(tL + tU).

Step 19-3. Perform PT flash at TD
(k+2) to calculate ˇV

(k+2), xi
(k+2), and yi

(k+2) such that |fi(k+2)| < εf for i = 1, 2, . . .,  NC and |g1
(k+2)| < ε1.

Step 19-4. Calculate the condition number of the Jacobian matrix. If it is greater than 106, continue to step 19-5. Otherwise, go to step 9.
Step 19-5. Calculate the residual of the enthalpy constraint (g2

(k+2)). If |g2
(k+2)| is less than the tolerance ε2, stop. Otherwise, tL = TD

(k+2)

or g2
(k+2) < 0, and tU = TD

(k+2) for g2
(k+2) > 0. Then, go to step 19-2 after increasing the iteration step number by one; k = k + 1.

The stopping criterion in the new DS algorithm is that |g2| < ε2 and |fi| < εf for i = 1, 2, . . .,  NC be satisfied simultaneously. This is in contrast
o the prior DS algorithms, where only g2 is checked [21,24].

. Case studies

This section shows applications of the new DS algorithm to two mixtures; one is a binary and the other is a six-component mixture.
or each mixture, the new DS algorithm is tested for many PH conditions in the two-phase region, part of which exhibits narrow-boiling
ehavior.

.1. Case 1

This case was used to explain the narrow-boiling behavior in Section 3. The properties of this binary mixture were presented in Table 1.
he prior DS algorithms exhibited non-convergence when applied to this case as shown in Figs. 9 and 11. The specified pressure and
nthalpy were 50.00 bar and −6500.00 J/mol, which resulted in the solution temperature of 195.65 K. The initial temperature used was
90.00 K.

In this subsection, the new DS algorithm is used to solve case 1 with Tref = 300.00 K, TL = 150.00 K, TU = 450.00 K, and ε1 = ε2 = εf = 10−10.
he solution temperature is in the region of the narrow-boiling behavior (see Fig. 1). Newton’s iteration step is switched to the bisection
lgorithm at the second iteration step, when the temperature is 197.82 K and the condition number is 1.68 × 107. The bisection algorithm
s used from this iteration step on until the final convergence is achieved at the 33th iteration step. Figs. 12 and 13 present the variations
f temperature and g2 during the iteration. It is observed that the new DS algorithm successfully suppresses the temperature oscillation
arly in the iterative solution. Unlike the prior DS algorithms, it is not necessary to numerically observe that the temperature oscillates in

 regular manner. The bisection algorithm robustly decreases the g2 residual at a linear convergence rate.
Further testing of the new DS algorithm is performed for 350 discrete points in the two-phase region in the PH diagram given in Fig. 14.

he critical point is 53.05 bar and −6794.42 J/mol in this figure. The contour lines are shown for ˇV of 0.0, 0.2, 0.5, 0.8, and 1.0. These
alculations use the same initial temperature of 190.00 K. The algorithm tends to take more iteration steps for the PH specifications in
he region of the narrow-boiling behavior (i.e., the region where the ˇV contour lines are dense in Fig. 14). However, all the 350 PH-flash
alculations successfully converge to the correct solutions. Fig. 15 presents that the number of iterations required is correlated to the

acobian condition number at the converged solution. More than 25 iteration steps are required for the PH specifications at which the
ondition number of the Jacobian matrix is greater than 106.
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Fig. 13. Convergence behavior of the new DS algorithm in terms of the enthalpy constraint in PH flash at P = 50 bar and Hspec = −6500 J/mol for a mixture of 99% C1 and 1%
C4 (case 1). The properties used for the components are given in Table 1. The new DS algorithm successfully suppresses the temperature oscillation early in the iterative
solution. The bisection algorithm robustly decreases the residual for the enthalpy constraint at a linear convergence rate.
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ig. 14. The two-phase envelope in P–H space for a mixture of 99% C1 and 1% C4 (case 1). The properties used for the components are given in Table 1. The critical point is
alculated to be 53.05 bar and −6794.42 J/mol with the PR EoS. The contour lines are shown for ˇV of 0.0, 0.2, 0.5, 0.8, and 1.0.

.2. Case 2

Case 2 uses six components consisting of 80.0% carbon dioxide (CO2), 6.6% methane (C1), 2.2% propane (C3), 2.2% n-pentane (C5), 2.2%

-octane (C8), and 6.8% n-dodecane (C12). The properties of this mixture are given in Table 2. The critical point is calculated to be 382.58 K
nd 189.87 bar using the PR EoS. Fig. 16 presents a few contour lines for ˇV in P–T space. As in case 1, the contour lines are dense near the
ubble-point curve, where a small change in temperature causes a significant change in ˇV. Fig. 16b shows a magnified view for pressures
etween 75 bar and 200 bar and temperatures between 300 K and 390 K.

ig. 15. The number of iterations required for 350 different PH flash calculations in the two-phase region (Fig. 14) is correlated to the condition number of the Jacobian
atrix at the converged solution. All the calculations converged to the correct solutions with the new DS algorithm.
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Table  2
Properties for the six-component mixture used for case 2.

Component Mole fraction TC, K PC, bar ω CP1
0, J/(mol K) CP2

0, J/(mol K2) CP3
0, J/(mol K3) CP4

0, J/(mol K4)

CO2 0.800 304.20 73.76 0.225 19.795 7.343 × 10−2 −5.602 × 10−5 1.715 × 10−8

C1 0.066 190.60 46.00 0.008 19.250 5.212 × 10−2 1.197 × 10−5 −1.132 × 10−8

C3 0.022 369.80 42.46 0.152 −4.224 3.063 × 10−1 −1.586 × 10−4 3.215 × 10−8

C5 0.022 469.60 33.74 0.251 −3.626 4.873 × 10−1 −2.580 × 10−4 5.305 × 10−8

C8 0.022 568.80 24.82 0.394 −6.096 7.712 × 10−1 −4.195 × 10−4 8.855 × 10−8

C12 0.068 658.30 18.24 0.562 −9.328 1.149 −6.347 × 10−4 1.359 × 10−7

Binary interaction parameters:

CO2 C1 C3 C5 C8 C12

CO2 0.0000 0.1200 0.1200 0.1200 0.1000 0.1000
C1 0.1200 0.0000 0.0000 0.0000 0.0496 0.0000
C3 0.1200 0.0000 0.0000 0.0000 0.0000 0.0000
C5 0.1200 0.0000 0.0000 0.0000 0.0000 0.0000
C8 0.1000 0.0496 0.0000 0.0000 0.0000 0.0000
C12 0.1000 0.0000 0.0000 0.0000 0.0000 0.0000

C
C
T

a
T
c
t

n
c

F
P
H
T

ritical temperature: 382.58 K.
ritical pressure: 189.87 bar.
wo-phase temperature region at P = 77.50 bar: [301.27, 518.79] K.

Fig. 17 shows Ht and ∂ˇV/∂TD from 250 K to 550 K at 77.50 bar. The temperature is scaled using Eq. (13) with Tref of 300 K. Two phases
re present between 301.27 K and 518.79 K at this pressure. The sensitivities of Ht and ˇV are observed near the bubble-point temperature.
he three terms of Eq. (21) that form ∂HD

t/∂TD in the two-phase region at 77.50 bar were calculated for case 2. Results showed that, as in
ase 1, the second term exhibits the most significant non-linearity in temperature space, and drastically increases with a small change in

emperature near the bubble point.

The concentrations of components in the L and V phases are sensitive to temperature from the bubble point to 325 K. The condition
umber of the Jacobian matrix of the DS algorithm becomes significantly large in this temperature range. Fig. 18 shows the Jacobian
ondition numbers with and without scaling of the variables in the two-phase region at 77.50 bar for case 2. The scaling of temperature

ig. 16. Two-phase envelope in P–T space for the six-component mixture given in Table 2 (case 2). The critical point is calculated to be 382.58 K and 189.87 bar with the
R  EoS. (a) The ˇV contour lines are significantly dense near the bubble-point curve. The solution temperature (303.35 K) for an example PH calculation at P = 77.50 bar and
spec = −11,000 J/mol exists in the vicinity of the bubble-point curve. (b) PT diagram for pressures between 75 bar and 200 bar and temperatures between 300 K and 390 K.
he  solution for the example calculation exists in the region of narrow-boiling behavior.
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Fig. 17. The total molar enthalpy and the sensitivity of ˇV to temperature at 77.50 bar for the six-component mixture given in Table 2 (case 2). Two phases are present from
301.27 K to 518.79 K. Ht and ˇV are sensitive to temperature near the bubble point temperature at 77.50 bar.

F
(
w

a
i

T
o
c

F
t
(
s

ig. 18. The condition numbers of the Jacobian matrices with and without scaling of temperature and enthalpy at 77.50 bar for the six-component mixture given in Table 2
case 2). The scaling is conducted using Eqs. (13) and (14) with Hspec of −11,000 J/mol and Tref of 300 K. The Jacobian matrix is ill-conditioned in the entire two-phase region
ithout scaling.

nd enthalpy is conducted using Eq. (13) and (14) with Tref of 300 K and Hspec of −11,000 J/mol. Without scaling, the Jacobian matrix is
ll-conditioned in the entire two-phase region.

A PH flash calculation at 77.50 bar and −11,000 J/mol is considered for this six-component fluid. The solution temperature is 303.35 K.

he initial temperature is set to 425.00 K. Fig. 19 shows the variations of the residual of the enthalpy constraint (|g2|) for the DS algorithms
f Michelsen [21] and Agarwal et al. [24]. The temperature oscillation is identified using the approach described in Section 2 with the C
onstant of 102. The temperature oscillation is identified at the fifth iteration (308.63 K) using Michelsen’s algorithm, and at the fourth

ig. 19. Convergence behavior of the DS algorithms of Michelsen and Agarwal et al. in terms of the enthalpy constraint in PH flash at 77.50 bar and Hspec = −11,000 J/mol for
he  six-component mixture given in Table 2 (case 2). The temperature oscillation is identified at the 5th iteration (308.63 K) using Michelsen’s algorithm, and at 4th iteration
342.55 K) using Agarwal et al.’s algorithm. The temperatures are still away from the solution temperature 303.35 K. The two algorithms terminate their calculation here
ince  there is only one root in solution of a cubic EoS.
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Fig. 20. Convergence behavior of the new DS algorithm in terms of the enthalpy constraint in PH flash at 77.50 bar and Hspec = −11,000 J/mol for the six-component mixture
given  in Table 2 (case 2). The Jacobian condition number exceeds 106 at the 4th iteration step, where the bisection algorithm robustly solves for TD based solely on the
enthalpy constraint.

Fig. 21. Convergence behavior of the new DS algorithm in terms of temperature in PH flash at 77.50 bar and H = −11,000 J/mol for the six-component mixture given in
T
n

i
a
[
J

r

F
w

spec

able 2 (case 2). The solution temperature is 303.35 K for this PH calculation. A high sensitivity of enthalpy to temperature is detected at the 4th iteration when the condition
umber of the Jacobian matrix exceeds 106.

teration (342.55 K) using Agarwal et al.’s algorithm. The temperatures are still away from the solution temperature 303.35 K. The two
lgorithms terminate their calculation here since there is only one root in solution of the cubic EoS. No procedure was given by Michelsen
21] and Agarwal et al. [24] for such a case. Note that these prior DS algorithms do not use the scaled temperature and enthalpy, and their

acobian matrix is ill-conditioned as shown in Fig. 18.

The new DS algorithm exhibits an improved convergence behavior for this PH flash problem. TL and TU are 150.00 K and 450.00 K,
espectively, and ε1 = ε2 = εf = 10−10. Figs. 20 and 21 show the residual of the enthalpy constraint and temperature until the convergence

ig. 22. The two-phase envelope in P-H space for the six-component mixture given in Table 2 (case 2). The critical point is calculated to be 189.87 bar and −2947.69 J/mol
ith  the PR EoS. The contour lines are dense near the bubble-point curve.
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ig. 23. The number of iterations required for 350 different PH flash calculations in the two-phase region (Fig. 22) is correlated to the condition number of the Jacobian
atrix  at the converged solution. All the calculations converged to the correct solutions with the new DS algorithm.

s achieved at the 32nd iteration step. The Jacobian condition number exceeds 106 from the 4th iteration step on, where the bisection
lgorithm robustly solves for TD based solely on the enthalpy constraint.

Fig. 22 shows the two-phase envelope in P-H space for the six-component fluid. The ˇV contour lines are dense near the bubble-point
urve, where PH flash calculations are more difficult due to the narrow-boiling behavior. The critical point is 189.87 bar and −2947.69 J/mol
n this figure. The new DS algorithm is tested for 350 discrete P–H conditions in the two-phase region, where the initial temperature is
xed at 425.00 K. All the calculations successfully converge to the correct solutions. Fig. 23 shows that the number of iterations required

s well correlated to the condition number of the Jacobian matrix at the convergence.

. Conclusions

A detailed analysis was presented for narrow-boiling behavior and its effects on the direct substitution (DS) isenthalpic flash for two
hases. A new DS algorithm was then developed based on the analysis. No convergence issue has been observed for two-phase isenthalpic
ash using the new DS algorithm. Conclusions are as follows:

. Narrow-boiling behavior is characterized by the enthalpy behavior that is substantially sensitive to temperature. The total enthalpy
for a fixed overall composition and pressure becomes sensitive to temperature when at least one of the phase compositions drastically
changes with a small change in temperature so that the phase mole fractions significantly change. The mechanistic understanding of
the narrow-boiling behavior was presented using the Gibbs free energy surfaces in binary composition space at different temperatures.

. The prior DS algorithms have convergence issues when narrow-boiling behavior is involved. The fundamental reason is that the system
of equations solved in the algorithms becomes degenerate for narrow-boiling fluids. The prior DS algorithms use temperature oscillation
as an indicator for narrow-boiling fluids. However, temperature oscillation in these algorithms is a consequence of, not the reason for,
the narrow-boiling behavior. That is, it is not a good indicator that improves the robustness.

. The Jacobian condition number offers an unambiguous criterion regarding the computational accuracy and robustness in the DS  algo-
rithm. Computation of the condition number is inexpensive with the one-norm approximation. It is worth the improved robustness.

. The new DS algorithm developed in this research adaptively switches between Newton’s iteration step and the bisection algorithm
depending on the Jacobian condition number. The bisection algorithm solves for temperature based solely on the enthalpy constraint
when narrow-boiling behavior is identified by a large condition number of the Jacobian matrix. This decoupling of temperature from
the other variables is plausible when the system of equations is degenerate.

. The scaling of temperature and enthalpy can improve the condition number of the Jacobian matrix in the DS algorithms.

. The new DS algorithm was tested for a binary and six-component fluid which exhibit narrow-boiling behavior. There was no convergence
issue observed for 350 different PH flash calculations for the binary fluid, and 350 different PH flash calculations for the six-component
fluid. The number of iterations required tends to increase as the condition number of the Jacobian matrix increases at the converged
solution.
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ppendix A. Peng–Robinson equation of state and related derivatives

ppendix A.1. Peng–Robinson equation of state
The Peng–Robinson equation of state (PR EoS) is

P = RT/(V- − b) − a/[V- (V- + b) + b(V- − b)], (A-1)
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where a = 0.45724(R2T2
C /PC)˛, b = 0.07780RTC/PC, ˛0.5 = 1 + �[1 − (T/TC)0.5], � = 0.37464 + 1.54226ω

− 0.26992ω2 for ω < 0.49, � = 0.379642 + 1.48503ω − 0.164423ω2 + 0.016666ω3 for ω≥0.49.

he attraction (a) and covolume (b) parameters in a dimensionless form are A = aP/(RT)2 and B = bP/RT.
The van der Waals mixing rules are used for the A and B parameters for a mixture. That is,

Am =
NC∑
i=1

NC∑
k=1

xixkAik (A-2)

Bm =
NC∑
i=1

xiBi, (A-3)

here Aik = (AiAk)0.5(1 − kik). kik is the binary interaction parameter between components i and k.
The fugacity coefficient of component i in phase j is

ln ϕij = Bi

Bmj
(Zj − 1) − ln(Zj − Bmj) − Amj

2
√

2Bmj

(
2
∑NC

k=1xkAik

Amj
− Bi

Bmj

)
ln

[
Zj + (1 +

√
2)Bmj

Zj + (1 −
√

2)Bmj

]
. (A-4)

he compressibility factor for phase j, Zj, is calculated from the EoS;

Z3
j + (B − 1)Z2

j + (A − 3B2 − 2B)Zj + (B3 + B2 − AB)  = 0. (A-5)

The derivatives of various parameters in the PR EoS with respect to TD are given below.

∂ai

∂TD
= −0.45724R2T1.5

Ci �i{1 + �i[1 − (T/TCi)
0.5]}Tref/(PCi

√
T) (A-6)

∂amj

∂TD
=

NC∑
i=1

NC∑
k=1

0.5xijxkj(aiak)−0.5

(
ai

∂ak

∂T
+  ak

∂ai

∂T

)
(1 − kik)Tref (A-7)

∂Amj

∂TD
=
[

P

(RT)2

∂amj

∂T
− 2Amj/T

]
Tref (A-8)

∂Bmj

∂TD
= −BmjTref/T (A-9)

∂Zj

∂TD
=

(∂Amj/∂T)(Bmj − Zj) + (∂Bmj/∂T)[Amj − 2Bmj − 3B2
mj

+ 2(3Bmj + 1)Zj − Z2
j

]

3Z2
j

− 2Zj(1 − Bmj) + (Amj − 3B2
mj

− 2Bmj)
Tref (A-10)

∂2ai

∂T2
D

= −0.45724
(

R2T1.5
Ci �i/PCi

)
T2

ref

[
−�i

√
T

2T2
Ci

− 1 + �i[1 − T/TCi)
0.5]

2T1.5

]
(A-11)

∂2amj

∂T2
D

= T2
ref

NC∑
i=1

NC∑
k=1

− xijxkj(aiak)−1.5

(
ai

∂ak

∂T
+ ak

∂ai

∂T

)2

(1 − kik)

+ T2
ref

NC∑
i=1

NC∑
k=1

0.5xijxkj(aiak)−0.5

(
2

∂ak

∂T

∂ai

∂T
+ ai

∂2ak

∂T2
+ ak

∂2ai

∂T2

)
(1 − kik) (A-12)

∂2Amj

∂T2
D

= T2
ref

{
−2P

R2T3

∂amj

∂T
+ P

(RT)2

∂2amj

∂T2
− 2[T(∂Amj/∂T) − Amj]

T2

}
(A-13)

ppendix A.2. Derivatives of enthalpy

The partial derivative of Hj with respect to xij in Eq. (20) is[( ) ( ) ] [ √ ]

∂H- j

∂xij
= 1

2
√

2B2
mj

RT2 ∂2Amj

∂T∂xij
+ RT

∂Amj

∂xij
Bmj − RT2 ∂Amj

∂T
+ RTAmj

∂Bmj

∂xij
ln

Zj + (1 + 2)Bmj

Zj + (1 −
√

2)Bmj

+
[(

RT2 ∂Amj

∂T
+ RTAmj

)
/Bmj

]
[Zj(∂Bmj/∂xij) − Bmj(∂Zj/∂xij)]

[Zj + (1 +
√

2)Bmj][Zj + (1 −
√

2)Bmj]
+ RT

(
∂Zj

∂xij
− 1

)
+

∂H-
IGM
j

∂xij
, (A-14)
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here

∂Bmj

∂xij
= P

RT

∂bmj

∂xij
= Bi

∂Amj

∂xij
= P

(RT)2

∂amj

∂xij
=

NC∑
i=1

2xijAik

∂Zj

∂xij
=

(∂Amj/∂xij)(Bmj − Zj) + (∂Bmj/∂xij)[Amj − 2Bmj − 3B2
mj

+ 2(3Bmj + 1)Zj − Z2
j

]

3Z2
j

− 2Zj(1 − Bmj) + (Amj − 3B2
mj

− 2Bmj)

∂2Amj

∂T∂xij
= P

(RT)2

∂2amj

∂T∂xij
− 2

T

∂Amj

∂xij

∂2amj

∂T∂xij
=

NC∑
i=1

2(RT)2(1 − kii)

[
∂xij

∂T
Ai + xij

(
∂Ai

∂T
+ 2

T
Ai

)]
/P.

Phase composition xij is calculated as follows:

xij = Kijzi/ti, (A-15)

here ti = 1 +
∑NP−1

j=1 ˇj(Kij − 1) for i = 1, 2, . . .,  NC. The partial derivative of xij with respect to ˇj in Eq. (20) is

∂xij

∂ˇj
= −Kijzi(Kij − 1)/t2

i . (A-16)

he partial derivative of xij with respect to T in Eq. (A-14) is

∂xij

∂T
=

⎧⎨
⎩zi

∂Kij

∂T
ti − ziKij

NP−1∑
j=1

[
∂ˇj

∂T
(Kij − 1) + ˇj

∂Kij

∂T

]⎫⎬
⎭/t2

i . (A-17)

The partial derivative of HDj with respect to TD can be obtained by substituting Eqs. (A-14) and (A-16) into Eq. (20). Consequently, the
ensitivity of HD

t to TD can be expressed as

∂H-
t
D

∂TD
=
∑NC

i=1

∑NP

j=1
ln

[
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√
2)Bmj
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√
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2
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1
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. (A-18)

In the conventional two-phase notation for oleic (L) and gaseous (V) phases, the L phase is the reference phase in Eq. (A-18); thus, for a
wo-phase system, the sensitivity of HD

t to TD can be expressed as follows:
∂H-
t
D

∂TD
= ˛1(TD)

(
∂ˇV

∂TD

)2

+ ˛2(TD)

(
∂ˇV

∂TD

)
+ ˛3(TD), (A-19)
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where ˛1(TD) =
NC∑
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IG
i

t2
i

(Ki − 1)ˇV
Tref

H- spec

˛3(TD) =
NC∑
i=1

ln

[
ZV + (1 +

√
2)BmV

ZV + (1 −
√

2)BmV

]
KiziRT2(Ki − 1)ˇV

2
√

2BmVt2
i

[
NC∑
i=1

2ziAi(1 − kii)

t2
i

ˇV
∂Ki

∂T

]
1

H- spec

+
NC∑
i=1

ln

[
ZL + (1 +

√
2)BmL

ZL + (1 −
√

2)BmL

]
ziRT2(Ki − 1)ˇV

2
√

2BmLt2
i

[
NC∑
i=1

2ziAi(1 − kii)

t2
i

ˇV
∂Ki

∂T

]
1

H- spec
.

In Eq. (A-19), ti = 1 + (Ki − 1)ˇV.

ppendix A.3. Derivatives of phase mole fractions

For a NC-component NP-phase system, phase mole fractions ˇj are obtained from solution of the Rachford–Rice equations;

NC∑
i=1

(Kij − 1)zi/ti = 0 for j = 1, 2, . . .,  (NP − 1),  (A-20)

here ti = 1 +
∑NP−1

j=1 (Kij − 1)ˇj for i = 1, 2, . . .,  NC. The partial derivative of ˇj with respect to TD, (∂ˇj/∂TD), can be calculated as follows:

NC∑
i=1

NP−1∑
m=1

(1 − Kij)zi(1 − Kim)
∂ˇm

∂T
=

NC∑
i=1

∂Kij

∂T
ziti +

NC∑
i=1

NP−1∑
m=1

(1 − Kij)zi
∂Kim

∂T
ˇm. (A-21)

or a two-phase system, ∂ˇV/∂TD is expressed as
∂ˇV

∂TD
= Tref

NC∑
i=1

zi
∂Ki

∂T
/

NC∑
i=1

(1 − Ki)
2zi (A-22)



A

w

I

∂
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ppendix B. Jacobian matrix

The elements of the Jacobian matrix for a NC-component NP-phase system are

∂gj

∂TD
= Tref

NC∑
i=1

zi

t2
i

[
tiKij

∂ ln Kij

∂T
−  (Kij − 1)

NP−1∑
k=1

ˇkKik
∂ ln Kik

∂T

]
for j = 1, 2, . . .,  (NP − 1) (B-1)

∂gj

∂ˇk
= −

NC∑
i=1

zi

t2
i

(Kij − 1)(Kik − 1) for j, k = 1, 2, . . .,  (NP − 1) (B-2)

∂gNP

∂TD
= Tref

NP∑
j=1

ˇj

(
NC∑
i=1

∂xij

∂T

H-
IG
i

H- spec
+

NC∑
i=1

xij

H- spec

∂H-
IG
i

∂T
+

∂H-
dep
Dj

∂T

)
(B-3)

∂gNP

∂ˇk
= (H-

IGM
Dk + H-

dep
Dk

) − (H-
IGM
DNP

+ H-
dep
DNP

) for k = 1, 2, . . .,  (NP − 1), (B-4)

here ti = 1 +
∑NP−1

j=1 (Kij − 1)ˇj for i = 1, 2, . . .,  NC. Pertinent derivatives are

∂H-
IG
i

∂T
= C0

P1i + C0
P2iT + C0

P3iT
2 + C0

P4iT
3 for i = 1, 2, . . .,  NC (B-5)

∂H-
dep
Dj

∂T
= 1

H- spec

{
Term1 × ln

[
Zj + (1 +

√
2)Bmj

Zj + (1 −
√

2)Bmj

]
+ RT2∂Amj/∂T + RTAmj

2
√

2Bmj

× Term2 + R(Zj − 1) + RT
∂Zj

∂T

}
. (B-6)

n Eq. (B-6),

Term1 =
[

Bmj

(
3RT

∂Amj

∂T
+ RT2 ∂2Amj

∂T2
+ RAmj

)
− ∂Bmj

∂T

(
RT2 ∂Amj

∂T
+ RTAmj

)]
/(2

√
2B2

mj) (B-7)

Term2 = [∂Zj/∂T + (1 +
√

2)∂Bmj/∂T][Zj + (1 −
√

2)Bmj] − [∂Zj/∂T + (1 −
√

2)∂Bmj/∂T][Zj + (1 +
√

2)Bmj]

[Zj + (1 +
√

2)Bmj][Zj + (1 −
√

2)Bmj]
. (B-8)

Amj/∂T, ∂Bmj/∂T, ∂2Amj/∂T2, and ∂Zj/∂T can be found in Appendix A.
For a two-phase system, Newton’s iteration used in the DS algorithms can be written as

⎛
⎜⎝

∂g1

∂ˇV

∂g1

∂TD

∂g2

∂ˇV

∂g2

∂TD

⎞
⎟⎠
(

�ˇV

�TD

)
= −

(
g1

g2

)
(B-9)

where
∂g1

∂ˇV
= −

NC∑
i=1

zi

t2
i

(Ki − 1)2 (B-10)

∂g1

∂TD
= Tref

NC∑
i=1

zi

t2
i

[
tiKi

∂ ln Ki

∂T
− ˇVKi(Ki − 1)

∂  ln Ki

∂T

]
(B-11)

∂g2

∂ˇV
= (H-

IGM
DV + H-

dep
DV ) − (H-

IGM
DL + H-

dep
DL ) (B-12)

∂g2

[ (
NC∑∂xiV H-

IG
i

NC∑ xiV ∂H-
IG
i ∂H-

dep
DV

) (
NC∑∂xiL H-

IG
i

NC∑ xiL ∂H-
IG
i ∂H-

dep
DL

)]

∂TD

= Tref ˇV

i=1
∂T H- spec

+
i=1

H- spec ∂T
+

∂T
+ ˇL

i=1
∂T H- spec

+
i=1

H- spec ∂T
+

∂T
(B-13)

n Eqs. (B-10) to (B-13), ti = 1 + (Ki − 1)ˇV.
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ppendix C. Flow charts of direct substitution algorithms

Appendix C.1. Michelsen [21].

 

Specify Hspec, P, zi, Tc,  Pc,   and  BIP  

NO

YES

YES

NO

T oscillates ?

    k=1, Input T(1)

    Calculate initial guesses for K values based on Wilson’s correlation

|g2
(k)| < 2 ?

Construct the 2   2 Jacobian matrix

2. Compressibility factor selection approach:
Before detecting temperature oscillation, phase 

compressibility factors are selected so that the 

resulting Gibbs free energy is minimized among 

the possible roots selections. 

After detecting temperature oscillation, the 

oscillating single-phase system will be split into 

two phases with the assumption V
(k) = 0.5 and xi

(k) 

= yi
(k) = zi, only for the first time the oscillation is 

detected.  Then, the maximum compressibility 

factor is chosen for the V phase and the minimum 

for the L phase for this iteration step and 

subsequent iterations. 

1. Details of the check of temperature oscillation:

Calculate fo = |T(k+1)-T(i)|, where i=1, 2, …, k.  If fo 

 o = mini(|T(i)-T(i+1)|)/C, where i=1, 2, …, (k-1) 

and C (e.g., 102) is a constant that defines the 

investigation radius around T(k+1), temperature is 

considered to be oscillating.

    Solve equation 11 for V
(k) such that |g1

(k)| < 1 and calculate xi
(k) and yi

(k)

    Perform one Newton’s iteration step to obtain V
(k+1) and T(k+1)

  Output V
(k), xi

(k) and yi
(k)

(k = k + 1)

    Calculate ln ij
(k), ( ln ij/ T)(k) and CPj

(k) for j = V and L

    Calculate lnKi
(k) = (ln iL - ln iV)(k), ( lnKi/ T)(k) and g1

(k)

    Calculate lnKi
(k+1) = lnKi

(k) + ( lnKi/ T)(k)(T(k+1) - T(k))

  Assume V
(k) = 0.5

                xi
(k) = yi

(k) = zi
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Appendix C.2. Agarwal et al. [24].

Specify Hspec, P, zi, Tc,  Pc,    and  BIP  

NO

YES

YES

NO

    k=1, Input T(1)

    Calculate initial guesses for K values based on Wilson’s correlation

|g2
(k)| < 2 ?

Calcuate fi
(1) from equation 9

NO

YES

Calcuate fi
(k) from equation 9

T oscillates ?

The check procedure of temperature oscillation 

and the compressibility factor selection approach 

are the same as presented in the DS algorithm by 

Michelsen.

   Calculate xi
(k+0.5) and yi

(k+0.5) based on V
(k) and Ki

(k+0.5)

    Construct the 2   2 Jacobian matrix based on xi
(k+0.5) and yi

(k+0.5)

    Solve equation 11 for V
(k) such that |g1

(k)| < 1 and calculate xi
(k) and yi

(k)

    Output V
(k), xi

(k) and yi
(k)

    Calculate ln ij
(1)  and CPj

(1) for j = V and L

   Calculate T(2) = T(1)   g2
(1)/( j jCPj)(1)

    Solve equation 11 for V
(k) such that |g1

(k)| < 1 and calculate xi
(k) and yi

(k)

    Output V
(k), xi

(k) and yi
(k)

(k = k + 1)
    Calculate lnKi

(k+1) = lnKi
(k) + ( lnKi/ T)(k)(T(k+1) - T(k))

  Assume V
(k) = 0.5

                xi
(k) = yi

(k) = zi

    Perform one Newton’s iteration step to obtain V
(k+1) and T(k+1)

    Perform a QNSS step for intermediate K values

 

 

|g2
(k)| < 2 ?
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Appendix C.3. New direct substitution algorithm presented in Section 4.
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